Digital Signal Processing 82 (2018) 118-132

Contents lists available at ScienceDirect

T Digital
Signal _
Processing

Digital Signal Processing

www.elsevier.com/locate/dsp

L))

Check for
updates

An adaptive convex combination of APA and ZA-APA for identifying
systems having variable sparsity and correlated input

Vinay Chakravarthi Gogineni, Bijit K. Das, Mrityunjoy Chakraborty *

Department of Electronics and Electrical Communication Engineering, Indian Institute of Technology, Kharagpur, India

ARTICLE INFO ABSTRACT

Article history:
Available online 1 August 2018

In this paper, we present an efficient algorithm for identifying and tracking the impulse response of
a sparse system that exhibits time varying sparseness and is driven by correlated input. The proposed
method convexly combines the outputs of two filters, namely, the sparsity unaware affine projection

Is(ej‘;‘;':;rzs‘.stems algorithm (APA), and the sparsity aware zero attracting affine projection algorithm (ZA-APA), each trying
e?_normy to identify the same system using the same input. The combining parameter is adapted by following a

steepest descent of the error variance at the convex combination output. A detailed performance analysis
of the proposed combination is carried out, which reveals that while for highly non-sparse and highly
sparse systems, the proposed combination converges respectively to the APA and ZA-APA (i.e., better of
the two filters under the given levels of sparsity), for certain sparsity ranges, it leads to a combination
filter that performs better than both the constituent filters. The claims made are validated by exhaustive
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simulation studies using white, colored as well as speech inputs.
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1. Introduction

Last decade has seen a flurry of research activities in the area
of sparse adaptive filters, motivated primarily by application areas
like acoustic and network echo cancellation, underwater commu-
nication, high-definition television (HDTV) etc [1]. Unlike conven-
tional, sparsity unaware adaptive filters like the least mean square
(LMS), the recursive least squares (RLS) and their various variants
[2], these filters deploy sparsity aware coefficient adaptation, and
thereby achieve significant improvement in convergence perfor-
mance, both in terms of convergence speed and steady state excess
mean square error (EMSE) when the system is sparse. A promi-
nent category in this context is the zero-attracting (ZA) family,
in particular, the zero-attracting least mean square (ZA-LMS) [3]
and the zero attracting normalized LMS (ZA-NLMS) [4] algorithms,
where a ¢1-norm penalty of the coefficient vector is added to the
LMS/NLMS (i.e., normalized LMS) cost function. Minimization of
the cost function results in the introduction of a zero-attracting
term in the weight update equation which pulls all the coeffi-
cients towards zero, thereby improving the convergence rate and
steady state EMSE for a system that is highly sparse. However, as

* Corresponding author.
E-mail addresses: vinaychakravarthi@ece.iitkgp.ernet.in (V.C. Gogineni),
bijitbijit@gmail.com (B.K. Das), mrityun@ece.iitkgp.ernet.in (M. Chakraborty).

https://doi.org/10.1016/j.dsp.2018.06.009
1051-2004/© 2018 Elsevier Inc. All rights reserved.

the zero-attraction is applied uniformly to all coefficients, if the
system is less sparse, there will be zero attraction on the active
taps (i.e., taps corresponding to the non-zero coefficients of the
system impulse response) also, which will enhance the EMSE. To
overcome this problem, a reweighted version of the ZA-LMS/NLMS,
namely, reweighted ZA-LMS/NLMS (RZA-LMS/RZA-NLMS) has been
proposed which tries to restrict the shrinkage mostly to the inac-
tive (i.e., zero-valued) taps. Parameter selection, however, has been
a tricky issue in the reweighted algorithms, especially when the
system has several coefficients that have magnitudes neither zero
nor very high. An alternative approach that is free of the above
parameter selection issue was proposed in [5,6], which convexly
combines the outputs of two adaptive filters, one sparsity aware
and the other sparsity unaware, each trying to identify the same
system. The combining parameter of the convex combination is
adapted such that for highly sparse systems, major share in the
output comes from the sparsity aware filter, while for systems that
are non-sparse or less sparse, the same comes from the sparsity
unaware filter. Initially, the combination was restricted to LMS and
ZA-LMS [5], and later was extended to NLMS and ZA-NLMS [6].
For applications involving correlated input, e.g., acoustic echo
cancellation, convergence of the NLMS/LMS algorithms, however,
slows down as the correlation in the input increases. A more ap-
propriate choice in this case is the well known affine projection
algorithm (APA) [7-11] which has a mechanism to decorrelate the
input with reasonable increase in computational cost [12]. In re-
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cent past, the APA has been used in a convex combination frame-
work in various non-sparse contexts [13-15]. Separately, for sparse
system applications, the zero-attracting versions of APA, namely,
the zero-attracting APA (ZA-APA) and the reweighted ZA-APA (RZA-
APA) have been proposed in [16]. In [17], the mean square conver-
gence behavior of the ZA-APA has been studied, and a selection
criterion for the zero attractor has been derived. These are fol-
lowed by two recent algorithms, namely the affine projection al-
gorithm for sparse system identification (APA-SSI) and the quasi
APA-SSI (QAPA-SSI) [18-20] which employ penalty functions that
are approximations of the {p-norm of the parameter vector. In
[21], a non-uniform sparsity promoting constraint has been used
to modify the aforementioned adaptive algorithms by means of
exact computation of the statistical expectation of the absolute
values of each adaptive filter coefficient at each iteration. In [22],
the £p-norm regularized APA algorithms have been modified for
non-circular complex signals. As shown in [18-20], APA-SSI and
QAPA-SSI outperform the ZA category of APA, especially for ideal
sparse systems (i.e., filter taps taking the values from {0, 1}). How-
ever, for systems that have non-zero coefficients having close to
zero magnitudes, these algorithms as well as the ones proposed in
[21,22] suffer from parameter selection issues.

In this paper, we provide a more robust solution to identify a
sparse system with time varying sparseness, by a convex combi-
nation of the sparsity unaware APA and the sparsity aware ZA-
APA [16]). Analysis of such a combination is, however, extremely
difficult due to the presence of normalized update terms in the
update equation of both the filters and a nonlinear term in the up-
date equation of the ZA-APA. To evaluate its behavior analytically,
we use the NLMS with orthogonal correction factors (NLMS-OCF)
model [8] for the APA and an elegant scheme of angular dis-
cretization of continuous valued random vectors [24] that helps
in reducing the aforesaid complexities. The analysis shows that
while for systems that are highly sparse or highly non-sparse, the
proposed combination converges to the ZA-APA or the APA based
filter respectively (i.e., better of the two under the given spar-
sity conditions), for systems that lie between moderately sparse
to moderately non-sparse, the proposed combination can, however,
perform better than both the constituent filters. The same is also
verified via extensive simulation studies under different sparsity
conditions. Lastly, a similar combination of ZA-APA and APA has
also been reported in [23], though its analysis as provided in [23]
fails to predict the behavior of the combination for different ranges
of sparsity. Also, the simulation results given in [23] also do not re-
veal existence of the “better than the best” case.

The rest of the paper is organized as follows. We describe the
proposed algorithm in Section 2 and carry out a detailed perfor-
mance analysis for mean and mean square convergence of the
proposed algorithm in Section 3. In Section 4, experimental results
are provided, and finally we close the paper with our main con-
clusions in Section 5.

2. Proposed algorithm

We consider here the problem of identifying a system that
takes a zero mean input signal u(n) and yields the observ-
able output d(n) = uT(n)wopt + ¥ (n), where u(n) = [u(n), u(n —
1),---,un—L+ 1)]T is the input data vector at time n, Wop; is a
L x 1 system impulse response vector (to be identified) which is
known a priori to be sparse with variable sparsity and ¢ (n) is an
observation noise with zero mean and variance a§ which is taken
to be i.i.d. and independent of input u(m) for all n and m. As the
sparsity of the system varies over a wide range, from being highly
sparse to fully non-sparse, neither a sparsity aware algorithm (e.g.
ZA-APA) nor a sparsity unaware algorithm (e.g. APA) alone will

be enough to identify and then track the system. In order to ad-
dress this problem, we take recourse to the philosophy of convex
combination of two adaptive filters [25], proposed first in [26,27]
and subsequently used in [5] and [6] for sparse system identifica-
tion. In the proposed scheme, we convexly combine the outputs of
two adaptive filters, Filter1 and Filter2, of which Filter1 updates a
weight vector wy(n) using the APA [7], with the update equation
given as

win+1)=wi(n) + /,LU(H)(EIP + UT(n)U(n))_]el n), (1a)

and, Filter2 updates a tap-weight vector wy(n) following the ZA-
APA [16], with update equation given as

Wa(n + 1) =Wy (1) + Un) (elp + UT mUm) " ey(n)

— psgn(wz(n)), (1b)
where w is the adaptation step size (common for both the fil-
ters), p is the shrinkage parameter (usually a very small constant),
U(n) = [u(n),u(n —1),--- ,u(m — P +1)] is the data matrix at in-
dex n, P is the projection order, y;(n) = [y;(n), yy(n—1),---, yj(n—
P+1D]T =UT(mwi(n), | =1, 2, where y(n—r), r=0,1,---,P—1,
is the I filter output at time index (n —r) keeping the filter coef-
ficient vector as wi(n), d(n) = [d(n),d(n —1),--- ,d(n — P + D]’
where d(n) is the desired response, and e;(n) = [e;(n),e;(n —
1), -, egn—=P+ 1T =dn) —y(n), I=1,2.

In a convex combination, the final output y(n) is formed
from the two individual filter outputs y;(n) and y,(n) as y(n) =
T(Mmy1(m) + (1 — t(n))y2(n), where t(n) € [0,1] is a mixing pa-
rameter. In an adaptive convex combination, 7(n) is updated in
time by following a steepest descent search on e?(n), where e(n) =
d(n) — y(n) is the error at the output of the combination. However,
such adaptation does not guarantee t(n) to lie between 0 and 1,
and to circumvent this problem, 7(n) is expressed monotonically

in terms of another variable a(n) as t(n) = 1+€’XPE——0(")) (i.e., sig-

moidal function). The variable a(n) is then updated by following
a steepest descent search on e?(n) and the corresponding update
equation is given by [25],

an+1) =a) + peem)(y1(m) — y2m)tm(1 —t(m).  (2)

In practice, updation of a(n) is restricted to a range [—a™, +a™]

(a*: a large finite number) that limits the permissible range of
_ ot -+ + 1

T(n) to[1—7t7,7t7], where t7 = Trewp )

3. Performance analysis of the proposed combination

As in [26], we introduce certain definitions that are useful in
the analysis. For [ =1, 2, we thus define:

a) Weight Error Vectors: Wj(n) = Wopr — Wi(1);

b) Equivalent Weight Vector for the combined filter: w(n) =
Tmwi () + (1 — T(m)wz(n);

¢) Equivalent Weight Error Vector for the combined filter: W(n) =
Wope — W() = T (MW7 (n) + (1 — T(n))W2(n);

d) A Priori Errors: eq(n) = ul (mWi(n) and eq(n) = ul (M)W(n).
Clearly, eq(n) = T(n)eq,1(n) + (1 — T(M))eq2(n) and e(n) =
eq(n) + 9 (n);

e) EMSE: Jex (n) = E[e2 ,(n)], for [=1,2 and Jex(n) = E[e2(m)];

f) Cross EMSE: Jex,12(n) = E[eq,1(N)eq2(n)] < Vv Jex,1()y/ Jex,2(n)
(from Cauchy-Schwartz inequality). This means Jex 12(1) can-
not be greater than both Jex1(n) and Jex2(n) simultaneously,

g) EMSE of the combination: Jex(n) = E[eg(n)] = E[(r(n)eaﬁl(n) +

(1 — T)ea2m)*] = E[T2me2 ;(n) + (1 — T(m)%e2,(n) +
2T()(1 — T(n))eq 1 (Neq 2(n)].
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Lastly, the steady state values of Jex(n), Jexi(n), | =1,2 and of
Jex,12(n) are denoted by Jex(00), Jexi(00) and Jex 12(00) respec-
tively (theoretically, Jex(0c0) = nlim Jex(M), Jex.1(00) = nlim Jex,1(n)
— 00 —00
and Jex 12(00) = nhango Jex,12()).
Taking expectation on both sides of (2), one can write

Ela(n+ 1)] = E[a(m)] + aE[e(m)(y1(n) — y2(n))
x T(m)(1—1t(m)]. 3)

In order to analyze the dynamics of E[a(n)], we assume the time
index n to belong to the steady state of both Filter1 and Filter2
(i.e,, n is sufficiently large). One can then assume that both Jex 1(n)
and Jex2(n) have converged to their steady state values Jex 1(0c0)
and Jex2(oco) respectively, and in the same way, Jex 12(n) has con-
verged to Jex 12(c0) (conditions for convergence will be developed
as part of our analysis). Then, replacing e(n) by eq(n) + ¥ (n) in
(3) where eq(n) is defined above, noting that y{(n) — y,(n) =
eq,2(n) — eq,1(n), ¥(n) is zero mean, i.i.d., and assuming, like [26],
that in the steady state, T(n) is independent of the a priori errors
eq,1(n), it is easy to verify that for large n (theoretically as n — oo)
[26],

Ela(n+ 1)] = Ela(m)] — uaE[t*m) (1 — T(m)]A J4
+ 1gE[rm (1 —tm)*]A )2, (4)

where AJ1 = Jex,1(00) — Jex,12(00) and AJy = Jex2(00) —
Jex,12(00).

From Eq. (4), it is clear that dynamics of the evolution of
E[a(n)] with time depends on A J; and A J,, or, equivalently, on
Jex,1(00), Jex,2(00) and Jex,12(00).

Similarly, assuming that t(n) is independent of the a priori er-
rors eq(n) in the steady state, it is easy to verify that for large n
(theoretically as n — oco) [26],

Jex() = E[T%(1)] Jex,1(00) + E[(1 — T(1))*] Jex,2(c0)
+ 2E[T(n)(1 — T())] Jex.12(00). (5)

From Eq. (5), it is clear that J.x(co) depends on Jex 1(00), Jex,2(00)
and Jex,12(00).

Of these three, we evaluate Jex2(00) and Jex 12(00) here, while
Jex,1(00) has been worked out in [8] (also can be obtained by set-
ting p =0 in the expression for Jex2(co) we derive below). Eval-
uation of Jex2(0c0) and Jex 12(00), however, is a very difficult task
due to the presence of the normalizing term (Elp + UT(n)U(n)f1
in the update equation of both Filter1 and Filter2, and the nonlin-
ear term ,osgn(wz(n)) in the update equation of Filter2. In order
to circumvent this difficulty, we adopt the following:

A. The NLMS-OCF model for the APA [8], [9],
B. A scheme of angular discretization of continuous valued ran-
dom vector [24].

Of these, the NLMS-OCF model has been discussed in [8] and
[9]. As per this, the update equations (1a) and (1b) can be ex-
pressed equivalently as per the following:

For Filter1,

Wi+ 1) = wi (1) + p1,00°() + g 1a' () + - -
+pp-1a” (), (62)
and for Filter2,

wa(n + 1) = wa(n) + 2,00’ (n) + o 1u’ (n) + - --
+ o, p—1u’ " (n) — psgn(wa(n)), (6b)

where, {u(n)|i=0,1,---, P —1} is a set of orthogonal vectors ob-
tained by Gram-Schmidt orthogonalization of the set {u(n —-Dli=
0,1,---,P — 1}, with u’(n) = u(n) and for k=1,2,---,P — 1,
uk(n) is the projection error vector associated with the orthogo-
nal projection of u(n —k) on the subspace spanned by {u(n), un—
1), ---,u(n—k+ 1)}. The coefficients p;, [ =1,2 are defined as
follows:

uTM(il)(l’.:()n) for k =0 if u(n) # 0 (= 0 otherwise),
=1_ngm —1.2... pP— 7
Mk k)T uk(n) fork = 1, 2’ P 1 ( )
if u¥(n) # 0 (= 0 otherwise),
where

el(n) = d(n) —wj (mu(n),
ey =dm—k) — (wim) un—k) fork=1,2,---,P—1,
Wi () = wi(n) + p,0u(n) + ! (1) + -+ g pogu ).
(8)

The NLMS-OCF algorithm can be seen as the process of computing
weight updates, using NLMS, based on the current input data vec-
tor u(n), as well as the orthogonal components from each of the
previous P — 1 input data vectors.

Angular Discretization of a Continuous Valued Random Vector
[24]: Let u € R be a random vector with mean zero, i.e., E(u) =0

and correlation matrix E(uuT) =R. Further, letv;, i=0,1,---,L—
1 be the orthonormal set of eigenvectors of R corresponding to
the eigenvalues A;,i=0,1,---,L — 1. Defining V=[vgvy --- vi_1]

and D = diag{A;|li =0,1,---,L — 1}, one can then express R as

L1

R=VDV" = 3" Av;v]. In the angular discretization based approx-
i=0

imation, the direction of u is discretized while the magnitude is

kept unchanged. In particular, it is assumed that u can assume

only one of the 2L directions, given by +v;, i=0,1,---,L — 1.
Mathematically, u is then expressed as
u=-srv, 9)

where v e {vj[i=0,1,---, L — 1}, with probability of v=v; given
by pi, r =||u]|, i.e.,, r has same distribution as that of ||u|| and
s € {1, —1}, with probability of s =+1 given by Pr(s = £1) = %
Further, the three elements s, r and v are assumed to be mu-
tually independent. Note that as s is zero mean, E[srv] =0 and
thus E[u] = 0 is satisfied trivially. To satisfy E[uu’]=R, the dis-

crete probability p; is taken as p; = #‘l»’(k)' which satisfies p; >
-1

0, Y pi=1 and leads to E[uu’] = E[s*r*w] = E[r*]E[w] =
i=0

-1 -1
Trace(R) Y pivivl = 3 Aviv] =R
i=0 i=0

Lastly, for u consisting of uncorrelated entries with constant
variance, say, 03, we have R= aflL, and the eigenvectors are given
by the trivial basis {e;|i=0,1,---,L—1}, where e; isan L x 1 vec-
tor, with 1 in the i-th place and zero in all other places.

NLMS-OCF with angular discretization: As mentioned in [8]
and [9], using the above angular discretization model, the weight
update in (6)-(8) can be simplified. For this, first note that any
data vector, say, u(n — k) can assume only one of the 2L direc-

tions +v;,i =0,1,---,L — 1, and also that the eigenvectors are
mutually orthonormal. This means, in general, the data vectors
un—k),k=0,1,---, P —1 are mutually orthogonal (i.e., assuming

that the data vectors are aligned to P different eigenvectors) and
then, u¥(n) = u(n — k), i.e,, it is not required to carry out Gram-
Schmidt orthogonalization of the set {u(n — j)|j=0,1,---, P —1}
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and evaluate u*(n). Also note that if u(n —k),k=1,2,---,P — 1
is aligned with an eigenvector, say, v; for some j,0<j<L -1
and at least one, or, more than one data vector belonging to the
set {u(m),u(n —1),---,u(m —k + 1)} also is aligned to v;, then
u¥(n) = 0. For this, Hik =0 as per (7).

In the light of the above, the weight update equations of Filter1
and Filter2 thus simplify to the following:

For Filter1,

wi(n+1) =wi(n) + wi0u() + pyum—1) +---
+ M1 p—1u(m—P+1), (10)

and for Filter2,

wa(n+ 1) =wa(n) + uzou(n) + pz1u(m—1) +---
+ pa2,p—1u(n — P+ 1) — psgn(wa(n)), (11)

where p is given by (7). Note that due to the orthogonality of
each of u(n), u!(n), --- , u¥~1(n) with u(n —k) in this case, e¥(n) in
(8) will simplify to the following

ek(n) =d(n — k) —w] (mun — k)

forl=1,2andk=1,2,---,P — 1. (12)
3.1. First order convergence analysis of the ZA-APA

By substituting (7) in (11), we will have the update equation of
ZA-APA as

u(n)e; (n) u(n — 1)el(n)

ul (Mu(n) u'n—NHumn-1)
un—P+ l)eg’l(n)

u'm—P+NHum—-P+1)

— psgn(wz(n)), (13)

where e’ﬁ(n), k=1,2,-,P —1 is given by (12). Denoting the
weight deviation vector of the ZA-APA based adaptive filter at
the n-th index as Wy (n) = Wop; — W(n), from (12), we will have
ez(n) =u’ (MW (n) + ¥ (n) and e5(n) =u’ (n — W2 (n) + ¥ (n — k),
k=1,2,---,P — 1. Then, by substituting e>(n) and e’é(n) k =
1,2,---,P —1in (13), the recursion for the weight deviation vec-
tor of the ZA-APA can then be obtained as follows:

9 un — pHul(n—j\ .~
Wo(n+1)= (lL—,uZ +>Wz(n)
= u’ (n— jum — j)
_—s u(n — pon—j

W= jum—j) psgn(wa(m)), (14)

wy(n+1) =wy(n) + 1

+u

j€ln
where J; € {0,1,---,P — 1} is the set of P or fewer indices j
for which the input regressor vectors u(n — j) are orthogonal to
each other. The orthogonalization process determines the indices
forming the set J, (note that J, may change from experiment to
experiment and is thus random). The equation (14) forms the ba-
sis for the performance analysis of the ZA-APA, where, using the
aforesaid angular discretization model, we represent u(n) as

u(n) =s@rmv(n), (15)

where s(n), r(n) and v(n) are equivalent to the variables s, r and
v in (9) respectively. The first order convergence condition of the
ZA-APA adaptive filter can then be worked out and is given in the
theorem below:

Theorem 1. For a zero-mean, white input signal u(n) having covari-
ance matrix R = aflL, a sufficient condition for the ZA-APA to converge
in mean is 0 < u < 2, and under this condition, the steady state mean
weight for the i-th tap W ; (o0) (= nlirrgo E[w3,i(n)]) is given as follows:

1. For the i-th active tap (i.e., Wopt,i #0):

%Sgn(wopt,i)» (16)

whereﬂ:l—(l—%)’).
2. For the i-th inactive tap (i.e., Wope,i = 0):

wo,i(00) = Wopt,i —

W2,i(00) = — 7 E[sgn(w2,im)]| (17)
where E[sgn(w2,i(n))] Lo = nll)ngo E[sgn(w2,i(m)].
Proof. Proof is provided in the Appendix A. O

From Theorem 1, for i € NZ, we have

Wopti — L=, ifsgn(wepe i) >0
Wy i(00) = opt,i ”;)ﬂ . gn(Wopt,i) (18)
Wopt,i + up’ lngn(Wopt,i) <0,
and for i € Z, we have W j(c0) = —lf#ﬁE[sgn(wz,,-(n))]‘ . That
o0

means W j(oo) is a biased estimate of wop; and the bias is pro-
portional to shrinkage parameter p.

3.2. Second order convergence analysis of the ZA-APA

Next we focus on the second order convergence analysis of the
ZA-APA. In particular, we aim to derive the closed form expression
for the mean square deviation (MSD) of individual taps and then
investigate the contribution of the active and inactive taps in the
total EMSE.

From the definition (e),

Jex2(n) = E[e} 5 ()] = E[u’ (n)W, (m)W; (nu(n)]
= E[Trace(u’ ()W (W] (mu(n))]
= Trace(E[W>(m)W] (mu(mu’ (n)]).

Using the statistical independence of u(n) with Wy (1), and sub-
stituting R by VDVT, we have Jexo(n) = Trace(l(z(n)\lDVT) -

L-1
3 Aikg.i(n), where Ayi(n) = [A2(m)]i; with Ay(n) = VIK;(n)V
i=0

and K,(n) = E[\Tvz(n)\Tvg (n)]. Note that [Ky(n)];; = E[\Tv%j(n)]: MSD
of the i-th coefficient at index n, i=0,1,---,L — 1. Also note that
for white input, V=1I; and thus A;(n) = K;(n), implying, qui(n) =
MSD of the i-th coefficient.

For the proposed second order analysis, we generalize the
aforesaid “independence assumption” to the following: we assume
that wy(n) is statistically independent of d(n — j), u(n — j), j =
0,1,---,P —1, since ¥(n— j)=d(n—j) —wgptu(n — j), the above
implies that wy(n) is also statistically independent of present and
past noise samples 9 (n— j), j=0,1,---, P —1. It is then possible
to prove the following:

Theorem 2. For a white input u(n) having mean zero and variance
E[u®(n)] = o2, the ZA-APA exhibits stable EMSE performance under
0 < u < 2, for which, the steady state EMSE of Filter2 (i.e., ZA-APA) is
given as follows:

]ex,z(oo)z]ex,1(00)+]M,2(00)7 (19)
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where
1
Jex.1(00) = Lo (ﬁ) o5
2,2
ma(o0) = — P
(2= pwp)

—M (201 -up)*Q+22— - up)) )
x <+L(2 T up) @ - - (20)

TR — A w?po}
Q= |1 _ 1 -1,
+<2 (1—Mﬂ)2>< s

7= Trace(R), and M is the number of inactive taps.

Proof. Proof is given in the Appendix B. O

From (19) and (20), it is obvious that Jey 1(00) = ]ex,Z(OO)‘p:O-
In other words, Jex 1(c0) is the steady state EMSE of Filter1, since,
for p =0, the ZA-APA reduces to the simple APA. This also con-
forms to the steady state EMSE expression for APA obtained in [8].

3.3. Cross excess mean square error analysis of ZA-APA and APA
From the definition (f),

Jex12(n) = E[eq,1(n)eq 2(m)] = E[u’ ()W ()W (myu(n)]

= E[Trace(u’ ()W (MW} (nyu(n))]

= Trace(E[W (W] (mumu’ (n)]).
Using the statistical independence of u(n) vis-a-vis Wy (n) and
W, (1), we have Jex,12(n) = Trace(l(u(n)VDVT) = ji; kixlz,i(n),

where Xu,,-(n) = [A12(M)]i;, with Ap2(n) = VIK2(mV  and
Ki2(n) = E[Wq(n)W] (n)]. Note that [Ki2(n)];,; = E[W1,i(M)W2,i()]:
cross MSD of the i-th coefficient at index n,i=0,1,---,L—1. Also
note that for white input V=1I; and thus Aq;(n) = Kjz(n), imply-
ing, ’)leqi(n) = cross MSD of the i-th coefficient.

Theorem 3. For a white input u(n) having mean zero and variance
E[u?(n)] = o}, the adaptive convex combination of APA and ZA-APA
produces stable cross EMSE performance under 0 < 4 < 2, for which,
the steady state cross EMSE is given as follows:

Jex,12(00) = Jex,1(00) + Jm,12(00), (21)
where
o 1
Jex,1(00) = LUUZ <m> O'gf—z,
1521
2—nY% 2
=—Mo} =L "I 22
Im,12(0) %o (22)

Proof. Proof is provided in the Appendix C. O

3.4. Convergence analysis of a(n) for various cases of sparsity level of
the system

From (20), we observe that [y 2(oco) is a linear function of M
(number of inactive taps) with a negative gradient, since { %(1 —

wB?EQ+22 — wa - uﬁ)} > 0. The following may then be in-
ferred from this. First, for M =0, i.e., for a fully non sparse system,

A

Steady State EMSE and Cross EMSE

-y -'...'.'.'x ,]5z,12(oo)
Zone 1 Zone 2 Zone 3
0 M, My L

Number of inactive taps (M)

Fig. 1. Evolution of Jex 1(00), Jex,2(00), and Jex 12(00) against the sparsity level (i.e.,
number of inactive taps (M)) of the system.

2.2

from (20), Ju.2(c0) = % > 0. However, as M increases,
Jm.2(00) starts decreasing and reaches 0 at a point M = M1, where
L2 —up)2— )

C1

Mq = (23)
with ¢; = 2(1 — up)?Q +2(2 — w)(1 — up) (obtained by setting
Jm.2(00) =0). As M increases beyond M1, Jum, 2(oc0) becomes neg-
ative and keeps decreasing linearly with M. Therefore, for 0 < M <
My, we have Jex 1(00) < Jex2(00) and for My < M < L, we have
Jex.1(00) > Jex2(00). This is intuitive, as in ZA-APA, zero attraction
uniformly shrinks all the taps. Thus, when the number of inactive
taps M is high, ZA-APA is beneficial, whereas, when M is less, zero
attraction on active coefficients results in enhancement of EMSE.
The index M7 can be considered as the boundary between a non-
sparse system and sparse system.

On the other hand, from (22), it follows that for M = 0,
Jm.12(00) =0 and as M increases, Ju,12(00) keeps decreasing
linearly with M. This implies that for 0 < M < L, Jex1(00) >
Jex.12(00). On the other hand, as Ju, 12(c0) keeps decreasing lin-
early with M, it intersects the Jex2(c0) line at M = M;, where

LZ—up)2—w
C2 ’

My = (24)
1B 2-o] %
p*(2+1)
Jex.12(00)). Since, the second term in the RHS of ¢, is always pos-
itive, we have ¢, < cq, or, equivalently M, > My. Note that as long

as (z_ﬂéﬂ <1, we will have M < L.

We plot Jex,1(00), Jex,2(00) and Jex,12(00) against M over the
range [0, L] in Fig. 1. Since the APA is sparsity unaware, its EMSE
Jex,1(00) is constant for all values of M. The straight line repre-
senting the EMSE of ZA-APA, i.e,, Jex2(00) intersects the Jex 1(00)
line at point M = M;. On the other hand, Jex2(00) and Jex 12(c0)
are seen to intersect at M = M. Fig. 1 shows the case where M; <
L. In this case, the range [0, L] can be divided into three zones,
namely, (A). Zone 1 (0 <M < Mj) (B). Zone 2 (M1 <M < M3) (C).
Zone 3 (M, < M < L). However, if My > L, the two straight lines
Jex2(00) and Jex 12(00) do not intersect in the range of [0, L]. In
that case, we will have only two zones, namely, Zone 1 and Zone 2
(M1 <M < L). Convergence behavior of the proposed convex com-
bination for the three zones above follows directly from [26]. In
the following, we provide a detailed account of this.

with ¢; = ¢ — (obtained by solving Jex2(0c0) =

3.4.1. Non-sparse systems
For an absolute non-sparse system, i.e., for smaller values of
M, particularly for M =0, we will have Jex 1(00) = Jex.12(c0) and
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Table 1
Jex(00) and t(oo) as functions of M (i.e., number of inactive coefficients).
M=0 0<M<M; My<M<L
Mo <L T(o)=1t tt>1(0)>1-1F T(o)=1—-1F
2 Jex(00) = Jex,1(00) Jex(00) < min(]ex,l (00), ]ex,Z(OO)) Jex(00) = Jex,2(00)
T(oo) =717 tF>t(0)>1-17F
My >1L .
Jex(00) = Jex,1(00) Jex(00) < mm(]ex.] (00), Jex,2 (00))

Jex.2(00) > Jex,12(00). This implies A J; =0 and A J, > 0. This is
analogous to the case (1), section III of [26], for which Eq. (4) leads
to

Ela(n+ 1)] = Elam)] + puaE[rm)(1 — T (m))*]A 2. (25)

Note that ¥ (n) € [0, 1], the function f;(t(n)) =7t n)(1— ‘l:(n))2 >
0. Then, for all —a* <a(n) <a’ or equivalently 1 — T <t(n) <
v+, we will have fi(t(n)) > fi(t*)=C and thus, E[fi(t(m)] >
C, where C =77(1 — 1:*)2. Substituting in (25), E[a(n + 1)] >
E[a(n)] 4+ uqCA J. Since AJ, > 0, E[a(n)] turns out to be an in-
creasing sequence and nlim Ela(n)] converges to at, ie.,
—00

lim a(n) = a™ almost surely, meaning lim 7(n) = t™ (almost
n—oo n—o00

surely) =~ 1. Thus, for non-sparse systems, the proposed combi-
nation converges to the Filter1, i.e., APA in steady state.

3.4.2. Less sparse systems

In case of less sparse systems, i.e., for 0 < M < My, we will
have Jex,1(00) > Jex12(00) and Jex,2(00) > Jex,12(00), implying
AJ1 >0 and AJy > 0. This is analogous to the case (3), sec-
tion III of [26]. Under this, a stationary point is obtained by
setting the update term in (4) to zero as n — oo, which leads
to E[7(c0)(1 — ‘l:(oo))z]Ajz = E[t%(c0)(1 — 7(00))]AJ1, where
T(00) = nli)rrolor(n). Assuming a negligibly small variance of t(c0),
we have, t(n) — a constant (almost surely), as n — oo. One
can then write from above, (1 — E[T(00)])A J2 = E[t(00)]A J1, Or
equivalently,

_ J2 ot
E[t(c0)]= (m)Fﬁ- (26)
It follows that
T+ > E[1(00)] > 0.5; if Jex,1(00) < Jex,2(00)
0.5> E[t(c0)] =1~ h if Jex,1(00) > Jex,2(00). (27)

As proved in [26], this case is not sub-optimal. Rather it leads to

Jex(00) < min(]ex.l(oo)’ Jex,Z(oo))’ (28)

which means that in this case, the proposed convex combination
works even better than each of its constituent filters.

3.4.3. Highly sparse systems

For highly sparse systems, i.e., for large values of M, two cases
may arise as given below.

Case I : For My <M <L, (i.e, assuming M, < L), for which,
we have Jex2(00) < Jex,12(00) < Jex,1(00), implying A J; > 0 and
AJy <0.

This is analogous to the case (2), section III of [26]. Equation (4)
in this case leads to

Ela(n+1)] = E[am)] + uaE [f1(z ()] AJ2
— waE [fa(xm)] A1, (29)

where f> (t(n) = t2(m)(1 — t() = f1(1 — T()). Like f1(z(n)),
f(tm) = fL(1—1t7) = f1(rT)=C,VTm) € [1 — T+, TF]. From

the arguments used for the non-sparse case above, we have,
E[a(n+1)] < E[a(m)] — qC (A J1 — A J2), which is a decreasing se-
quence (since AJ; >0 and A J, < 0). This results in nan;O Ela(n)]

converging to —a™, i.e., lim a(n) = —a* (almost surely), or, equiv-
n—»oo
alently, lim t(n) =1 — v (almost surely) ~ 0. The combination
n—-oo

filter in this case will be converging to the Filter2, i.e., ZA-APA (in
steady state) which is known to perform better for sparse systems.

Case II: For My > L and thus, M1 <M < L, for which, we will
have both AJ; >0 and AJ; > 0.

This situation is same as the “less sparse” case considered
above. The proposed combination in this case may perform bet-
ter than each of the two constituent filters [26].

In Table 1, we summarize the above results. The table displays
Jex(00) and 7 (o0) against different levels of sparsity of the system.

4. Numerical simulations

To validate the analytical results, a series of detailed simulations
was conducted in the context of system identification. The pro-
posed convex combination was simulated to identify a system with
64 coefficients that were chosen randomly from a zero-mean Gaus-
sian distribution with variance 0.1 and 2.5 x 10~ for active (i.e.,
taps taking high magnitude values) and inactive taps (i.e., taps tak-
ing very small values), respectively. Initially, the system was chosen
to be highly non-sparse with the number of inactive taps M taken
to be only 4 (equivalently, number of active taps taken to be 60).
The simulation was conducted for a total duration of 20000 time
steps. The sparsity level of the system was gradually increased af-
ter every 4000 time steps, leading to M = 46, 52, 55, and 63 after
4000, 8000, 12000, and 16000 time steps, respectively.

Simulations were conducted both for white and colored Gaus-
sian input of unit variance, where a unity variance colored, Gaus-
sian input u(n) was generated by driving the following first order
autoregressive (AR) model: u(n) =0u(m—1)++/1—6%z®n), |0] <1,
with a unit variance, white Gaussian input z(n) (0 was taken to
be 0.8 for the simulations). The observation noise ¢ (n) was taken
to be i.i.d. Gaussian with mean zero and variance ag =0.01, im-
plying a signal-to-noise ratio (SNR) of 20 dB. The constant € in
the APA update (used to avoid inversion of a rank deficient ma-
trix) was taken to be 0.001, the projection order P was fixed at 2,
the adaptation step size p was set to 0.2 for both the algorithms
and g was kept at 50. The shrinkage parameter p was taken as
4 x 107 and 6.5 x 10~ for white and colored input, respectively.
The simulation results are displayed by plotting the EMSE Jex(nn)
(in dB) against the iteration index n, obtained by averaging eg(n)
over 5000 experiments. The resulting plots, which are popularly
called the learning curves, are shown in Figs. 2(a) and 3(a), respec-
tively for white input and colored input cases, where we also plot
the learning curves of the APA and the ZA-APA, ie. Jex1(n) and
Jex2(n) respectively, and the cross EMSE Jex 12(n) against the iter-
ation index n. For comparative assessment, same identification ex-
ercise was also carried out by two QAPA-SSI filters [18], for which
we chose o =2 x 10~ and (same for both filters) and g = 50 and
0.05 with other parameters remaining same as used above. The
EMSE of the two QAPA-SSI algorithms are also plotted in Figs. 2(a)
and 3(a).
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Fig. 2. (a) Learning curves of the APA, the ZA-APA and their convex combination for white input. Also shown are the learning curves of the QAPA-SSI algorithm for 8 = 0.05
and B =50, and the cross EMSE Jex 12(1). (b) Evolution of the mixing parameter t(n). (For interpretation of the colors in the figure(s), the reader is referred to the web

version of this article.)

Several interesting observations can be made from Figs. 2(a)
and 3(a) as described below.

1. For 0 < n <4000, the system is almost fully non-sparse and
it is seen that in the steady state, Jex1(n) = Jex,12(n) with
both Jex,1(n) and Jex,12(n) less than Jex 2(n). Also seen is that
Jex(n) & Jex.1(n), meaning, the convex combination switches
to Filter1. This validates our conjecture above about fully non-
sparse systems.

2. It is seen that for 4001 < n < 8000, Jex,1(n) < Jex2(n), for
8001 <n < 12000, Jex.1(n) = Jex2(n), while, for 12001 <n <
16000, Jex,1(n) > Jex2(n) (all in the steady state). The first
case corresponds to a moderately non-sparse system (Zone
1 of Fig. 1), the second case corresponds to the transition
point My of Fig. 1, while the third case corresponds to a
moderately sparse system (Zone 2 of Fig. 1). In all the three
cases, it is seen that Jex 12(n) < Jex1(n), |=1,2 (in the steady
state). More interestingly, in all the three cases above, we have
Jex(n) < Jexi(m), 1 =1,2. This validates our hypothesis that
in case of both Zone 1 and Zone 2 of Fig. 1, as Jex,12(00) <
Jex1(00), 1 =1, 2, the proposed combination can converge to a
filter that performs better than either of Filter1 and Filter2.

3. Lastly, for 16001 < n < 20000, we have Jex 1(n) > Jex,12(n) >
Jex2(n) and Jex(n) = Jex2(n) (in the steady state). This cor-
responds to a highly sparse system (Zone 3 of Fig. 1). Again,
this validates our claim that for a highly sparse system, the
proposed combination will switch to Filter2.

Figs. 2(a) and 3(a) also present an interesting comparison of
the proposed algorithm with the QAPA-SSI. It is seen that while
the proposed method enjoys excellent performance at all levels

of sparsity, the QAPA-SSI, depending on the value of B chosen,
can perform at par or even better than the proposed method for
certain sparsity level, while for other sparsity levels, its perfor-
mance deteriorates vis-a-vis the proposed method. For example,
as seen in Figs. 2(a) and 3(a), for B = 50, the QAPA-SSI achieves
lesser EMSE than the proposed algorithm when the system is
highly sparse (i.e., for 16001 < n < 20000), while for all other spar-
sity levels, its EMSE is higher than that of the proposed method.
Similarly, for 8 = 0.05, the QAPA-SSI performs at par with the
proposed method when the system is highly non-sparse (i.e., for
0 < n <4000), while for all other levels of sparsity, the QAPA-SSI
produces EMSE higher than that produced by the proposed algo-
rithm.

We have also plotted the theoretical values of J.x(c0) for white
input as per (5) by horizontal dashed line in Fig. 2(a). It is easily
seen that for each chosen value of M, the corresponding theoretical
value matches the experimentally obtained value of J.x(c0) almost
exactly.

For this experiment, the time evolution of mixing coefficient
T(n) is presented in Figs. 2(b) and 3(b) for white and colored input,
respectively. From Figs. 2(b) and 3(b), it can be observed that the
mixing coefficient 7 (n) converges toward t+ and 1 — 7+ for non-
sparse and highly sparse systems, respectively. Whereas, for the
remaining three cases (i.e., moderately non-sparse system to mod-
erately sparse system), it is observed that 7+ > t(c0) >1—1 ™.

Next, we evaluate the performance of the proposed convex
combination for speech signal input. Here, the system is driven by
a test speech signal obtained by repeating the speech waveform
of Fig. 4 9 times. Using this speech input, the proposed adap-
tive convex combination was simulated for identifying a system
whose impulse response undergoes some sudden changes and has
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Fig. 3. (a) Learning curves of the APA, the ZA-APA and their convex combination for AR(1) input. Also shown are the learning curves of the QAPA-SSI algorithm for 8 =0.05
and B =50, and the cross EMSE Jex 12(n). (b) Evolution of the mixing parameter 7 (n).
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Fig. 4. Speech signal used to verify the performance (Identification and Tracking) of the proposed convex combination.

a duration of 0.064 sec (or equivalently, length L =512 taps at
8 kHz sampling rate). Unlike the previous example, the channel
coefficients in this case are not binary (i.e., having either large, or,
zero magnitude), and instead, can assume any value with mag-
nitude between zero and some upper limit. For such channels,
we evaluate their sparsity by the following sparseness measure:
Sm= Liﬁ (1 - %Wx;ﬂhz) [28]. At first, the system was taken
to be non sparse with the impulse response shown in Fig. 5(a),
for which S, = 0.3460. After 6 seconds, the system was changed
to a measured acoustic echo path [29] shown in Fig. 5(b), which
is less sparse or moderately sparse with the associated sparse-
ness measure S, = 0.5560. Finally, after 12 seconds, the system
was taken to be the sparse network echo path as per ITU-T (Inter-
national Telecommunication Union - Telecommunication standard-
ization sector) G.168 recommendation [30], having a highly sparse
impulse response as shown in Fig. 5(c), with S;; = 0.8960.

The observation noise ©(n) was taken to be ii.d. Gaussian
with mean zero and variance 05 =105 (ie., echo signal-to-

noise ratio (ENR) &~ 20.5 dB [29]). Among other parameters, we
chose € = 0.01, projection order P =4, u =0.2, iy = 5000 and
the shrinkage parameter p = 1.2 x 1075, For QAPA-SSI, we chose
a=1x10"7 and B = {1000, 10} with other parameters remaining
same as used for other schemes. The simulation results are dis-
played by plotting the MSD in dB vs time (in seconds), obtained
by averaging over 50 experiments. The resulting plots are shown
in Fig. 6(a).

From Fig. 6(a), it is observed that for speech input also, the
simulation results validate the conjectures made by us regarding
behavior of the proposed combination, as elaborated below.

1. For the non-sparse system (i.e., for 0 < time < 6s), it is seen
that in the steady state, MSD of the APA approximately equals
the cross MSD, with both of them being less than the MSD
of the ZA-APA. Also seen is that the MSD of the combination
filter is virtually identical to the MSD of the APA, meaning,
the convex combination in this case switches to Filter1. This
validates our conjecture above about fully non-sparse systems.
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Fig. 6. (a) Learning curves of the APA, the ZA-APA and their convex combination for speech signal input. Also shown are the learning curves of the QAPA-SSI algorithm for
B =1000 and B =10, and the cross MSD. (b) Evolution of the mixing parameter 7 (n).
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2. Next, for the moderately sparse system (i.e., for 6s < time <
12s), the cross MSD falls below the MSD of both the individ-
ual filters (in the steady state). More interestingly, the MSD of
the combination filter is seen to be less than the MSD of the
individual filters. This validates our hypothesis that in case of
Zone 2 of Fig. 1, the proposed combination performs better
than either of the constituent filters.

3. Lastly, for highly sparse system (i.e., for 12s < time < 18s),
both the MSD of the APA and the cross MSD are seen to be
higher than the MSD of the ZA-APA, which also equals the
MSD of the combination filter (in the steady state). Clearly,
this validates our claim that for a highly sparse system, the
proposed combination will favor Filter2.

Lastly, we have shown earlier (i.e., Figs. 2(a) and 3(a)) that
both for white and correlated input, while the proposed method
performs consistently well for all levels of sparsity, the QAPA-SSI,
depending on the value of B8 chosen, can perform at par or even
better than the proposed method for certain sparsity level, but its
performance worsens vis-a-vis the proposed method as the spar-
sity level changes. From Fig. 6(a), it is seen that the same holds
true even when the input is replaced by speech signal.

As we did in the earlier experiments, the time evolution of the
mixing coefficient T (n) for the simulation with speech input is pre-
sented in Fig. 6(b). From Fig. 6(b), it can be observed that the mix-
ing coefficient t(n) converges toward T+ for non-sparse system.
In the case of measured acoustic echo path, which is moderately
sparse, it is observed that T+ > t(c0) > 1 — t+. For network echo
path, having highly sparse impulse response the mixing coefficient
converges toward 1 —t+.

5. Conclusions

A new APA based algorithm is proposed for identifying sparse
systems with variable sparsity. The proposed method uses an
adaptive convex combination of the standard APA and the spar-
sity aware ZA-APA. The algorithm adapts dynamically to the level
of sparseness of the system. It also manifests superior convergence
behavior with coloured input compared to its NLMS and LMS
based counterparts because of its APA based constituents. A de-
tailed performance analysis of the proposed combination is carried
out, which reveals that while for highly sparse and highly non-
sparse systems, the proposed combination converges respectively
to the ZA-APA and APA (i.e., better of the two filters under the
given levels of sparsity), for certain sparsity ranges, it leads to an
overall filter that performs better than both the constituent filters.
The claims made are validated by exhaustive simulation studies
using white, correlated as well as speech inputs.

Appendix A. Proof of Theorem 1

Taking expectations on both sides of (14), assuming statistical
independence between w;(n) and u(n—j), j=0,1,---,P—1 (i.e,
generalizing the commonly used “independence assumption” [2]),
and recalling that ¢ (n) is a zero-mean, i.i.d. random variable which
is independent of u(m) for all n, m, one can obtain

o u(n — pu’ (n— j)
E[W2(n+ 1] = (IL —RE| Y
[jejn ut(n—jum-—j)

])E[\Tvz(n)]

+ pE[sgn(wz(m)]. (A1)

Now, by invoking the angular discretization model of a random
vector (15), the outer to inner product appearing in (A.1) can be
simplified as:

umn — ju’ (n—j)

u’ (n — jumn — j)

s — jprn— v — v’ — jsm — jrn — j)
B s2(n— jr2(n— jvn — j)|?
=v(n—jv' (n—j),

(A2)

where v(n — j) € {vo,v1,---,v;_1} (also note that the above result
is independent of the norm of u(n — j)).
Substituting (A.2), in (A.1), we have

E[Wy(n+ 1)] = (lL — HE[ Y vin— T (n— j)])E[\Tvz(n)]

j€ln
+ pE[sgn(wa(m)]. (A3)
Note that while evaluating E[ > v(n— j)v! (n— j)], all possibilities
j€n
of J, are to be considered, e.g., {0}, {0, 1}, {0, 2},{0,1,2},---.
Next, using the orthonormal basis {vg,vq,---,vi_1}, we ex-
press E[Wy(n)] as
L—1
~ _ X i . _ T ~
E[Wy(n)] =) 0 i(mvi, where, () =v] E[W(n)].
i=0

Then, pre-multiplying both sides of (A.3) by vl.T, we obtain,

@i+ 1) = (v{ — RE[V] Y vin— T (n - j)])E[‘Tvz(n)]

j€ln
+ pv] E[sgn(w2(m))].

From the orthonormality of v;’s, we have

(A4)

vi Y vn— v (-
j€ln
_ {VIT if3j € J, so thatv(n — j) =v;

. (A.5)
0, otherwise.

Substituting (A.5) in (A.4), we then have,

az,i(n+1) = (1 — pupi)oz,i(n) + pbi(n), (A.6)

where b;(n) = v/ E[sgn(w(n))] and the term g in (A6) is the
probability of drawing an eigenvector v; from the eigenvector set
{vo,v1,---,vi_1} at least once in P trials after replacement.

To evaluate the non-linear term b;(n) = v! E[sgn(w2(n))] in
(A.6), we divide the coefficients of wp; into two disjoint sets,
namely, the set of non-zero (i.e., active) taps and the set of zero
(i.e., inactive) taps, with NZ and Z denoting the sets of corre-
sponding coefficient indices respectively, i.e., Wop; =0 for i € Z
and wep; # 0 for i € NZ. Also, we now invoke the assumption
of white input, for which the eigenvectors {vg,vy,---,v;_1} be-
come the trivial basis with v; given by the i-th column of the
L x L identity matrix I, and thus, oz ;(n) = E[W2,;(n)] and b;(n) =
E[sgn(w2,i(n))]. Also note that for white input, all the eigenval-

ues of R are same and given by 03. As a result, p; = %'é(k) = %:

independent of i. As a result, 8; as used in (A.6) and given by
Bi=1— (1 — p)?P is independent of the index i. In the fol-
lowing, we drop the subscript i from g;, i.e., we replace g; by
B=1—-(1-p".

(a) Active taps (i € NZ): We assume that each active tap has
significant magnitude and also the variance E[Vv%,i(n)] is small (es-
pecially near convergence). It is then reasonable to approximate
E[sgn(wa,i(n))] by sgn(wope,i). i.e., in all trials, wy;(n) assumes
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the same sign as that of wgy ;. Substituting in (A.6), for i e NZ,
we then have,

E[W2,i(+ 1] = (1 — uB)E[Wai(m] + psgn(wopei). (A7)

The above is a first order recursion of the type 6(n + 1) =
af(n) + b, which converges to l%a for |a| < 1. This implies,
E[W2,m]| = lim El#2.:001 = -2 sgn(wope,, (A8)

oo N—oo ,3
provided —1 <1 — uB < 1. As 0 < 8 < 1, a sufficient condition for
this is 0 < i < 2. The result (16) follows trivially from (A.8) and
the definition a).

(b) Inactive taps (i € Z): On the other hand, for inactive taps,
Wopt,i = 0, implying W ;(n) = —w ;(n). Substituting in (A.6), for
i € Z, we then have,

E[w,i(n+ D] = (1 — upB)Elwa,i(m)] — pE[sgn(w2i(m))]. (A.9)

The above is again a first order recursion of the form 6(n + 1) =
af(n) + b(n), with —p <b(n) < p. For |a] <1, as n — oo, (n) re-

mains confined to the narrow strip [— ] If b(n) is a

T—Ja]> T—Jal Iﬂ\

b(c0)

converging sequence, then we have, 6(co) = 3=. From this, we

can write,

Wo.1(00) = —ﬁE[sgn(wz,i(n))]‘w (A10)

Appendix B. Proof of Theorem 2

Post-multiplying the LHS and RHS of (14) by their respec-
tive transposes, taking expectation and using the above stated,
generalized independence assumption, the recursion for Ky(n) =
E[W, (n)\Tvg (n)] can be obtained as follows:

IS

j€n
u(n —myu’ (n —m)
—uK> (n)E|: Z u’ (n—m)un — m)j|
me Jn
u(n — ju’' @ —j)
M (E=rE
P u’ (n — ju®n — j)
u@ —mu’ (n —m)
xl(z(n)<n§ uT(n_m)u(n—m))i|
+1 E[(; uT(n_j)u(n—j))
u(n —m)v(n —m) !
X < Z uT(n_m)u(n—m)> ]
me Jn
u(n— ju’ (n—j)
+pE[1L—M<jEXI: mﬂ

X E[Wz (n)sgn (Wg (n))]
+pE[sgn(wa(m))W3 (n)]
u(n —myu’ (n —m)
X E|:IL - M(g ul (n —m)u(n — m))]

+p2E[sgn(w2(n))sgn(wj (n))]., (B.1)

where the cross terms involving ©(n — j) are turn out to be zero
as ¥ (m) is taken to be zero mean and statistically independent of
u(n), for all n, m and, as wy (n) is statistically independent of @ (n —
i, j=0,1,---, P —1. Using the whiteness of #(n), (A.2) and the
fact that s(n), r(n) and v(n) in (15) are statistically independent,
we obtain,

Ky(n+1) =Ky (n) — ME[ > v — ' - j)]Kz )

Jj€n
—m(z(n)E[ 3 v —mv' (n— m)]
me Jn
+u%{(§:vm—ijn—D)

j€in

x K (n)( Z vin—mywvi (n — m))}

me Jn
o} ol
j€ln

x E[v(n — v’ (n— j)]
+pE[1L —p Y V= vt n— D]
Jj€ln
X E[\TV2 (Tl)Sg”(Wg (n))]
+pE[sgn(wa(n)) W1 (n)]
x E[IL — ) vin—myv'(n— m)]

me Jn
+p2E[sgn(w2(n))sgn(wj (m))]. (B.2)
Recalling that ')sz,-(n) = [A2(n)];; where Ay(n) = VT Ky (n)V, we

pre-multiply and post-multiply both the LHS and the RHS of (B.2)
by vl.T and v; (ie. the it" eigenvector of the R) respectively, to

obtain,
RE[V (3 vo— T = ) Jkemv,
j€ln
—uvTK; (n)E[( 3 v —mw' (n— m))v,-]

me Jn

+MZE[V,-T< > vin—jw (- j))

j€Jn

x Kz(n)( 3 v —mv (n - m))vi]

me Jn

tH 032 [rz(n—])]

j€ln

r2(n—])

Jai(n+1) =%gi(n) —

V= v

+oE[v] (L= Y vin— v - )]

j€ln

x E[\le (n)sgn(w3 (n))]vi

x E[v{v(n —

+pv] E [sgn (W (n)) W5 (n)]

X E[(IL -1 Z vin —myv’ (n —m))vi]

me Jn

+p*V] E [sgn(wz (n))sgn(wg (n))] V. (B.3)
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To simplify the above, we recall from (A.5) that E[v] > v(n —
Jj€Jn

VI (n— j)] = giv], where B; = probability of drawing an eigen-
vector v; from the eigenvector set {vg,vq,---,vr_1} at least once
in P trials after replacement. Also, assuming that %rz(n) for any
index n has a very small variance, which is potentially true for

large filter order L, we can write, E[r2(n j)] = L [1r2(n j)] A~
1 1 1

LElee g = BPa ] = Tmce(R). Making these substitutions

above, we obtain,

~ ~ 2 51
A i+ 1) = (1@ = whi)rai(m + uoy i
+p(1 = ppp) (v @) + & (m]w;)

+ p? [v,.T \Il(n)v,-] , (B.4)
where we denote Trace(R) by 7 for brevity, ®(n) =
E[Wz(m)sgn(wl ()] and W(n) = E[sgn(wz(n)sgn(w} m))].

At this stage, we invoke the given condition that the input is
white. In such case, as seen earlier, the eigenvectors form the triv-
ial basis of RL, with v; given by the i-th column of the L x L
identity matrix I;. Also, as seen before, p;: probability of v(n) =v;
is given by % (i.e., same for all i) and thus 8;j=1— (1 —p)’ is
independent of the index i (i.e., Bi = 8). Then, from (B.4), we have,

~ ~ 5 o1
A i+1)=(1—pn@2—wP)rai(n) + uo; F72'8
+2p(1 — uP)E[Wo,i(n)sgn(wa,i(m)] + p?, (B.5)

where we have used the fact that (sgn(wz,i(n))2 = 1. Note that
the recursion of X, ;(n) depends on E [W2,i(n)sgn(w2,;(n))], which
we evaluate separately for the active and the inactive taps as given
below.

(a) Active taps (ie NZ):

Since the active taps are having significantly large magnitudes
and, near convergence, |W, ;(n)| < |Wopt,il, as before, we may
make the approximation sgn(wy ;(n)) = sgn(wep;) Vi € NZ (for
large n). Therefore, E[W3 ;(n)sgn(w2,i(n))] ~ sgn(Wopt,i) E[W2,i(n)].

From (A.8), for large n, E[W; (n)] = M’#ﬂsgn(wopt,i). Therefore, in
the steady state, for i € NZ,
E[W3,i(n)sgn(wy,i(n))] ~ L(Sgn(wopt,i))z =L (B.6)
up up
Using this result, from (B.5), for i € NZ, we obtain,
by by 2 21
Aain4+1) = (1 — @ — wp)rai(n) + puoy F_Z'B
2 —
+ p? @-nh) (B.7)
up

The above is a first order recursion of the type 6(n+1) = a6 (n) +b,
which converges to % for |a| < 1. This implies,
3Cz.i(oo) = 22—

o} +p° %
mooT no@2—wp
provided —1 < (1—pu(2—pw)B) < 1. As 0 < B < 1, a sufficient con-
dition for this is 0 < p < 2.

(b) Inactive taps (i € Z):

On the other hand, for inactive taps, i.e., for i € Z, wop; =0,
and thus, we have sgn(wsi(n)) = —sgn(wo ;(n)), as Woi(n) =
Wopt,i — W2,i(11) = —w3 ;(n). We now invoke ‘Price’s theorem’ [31],
which states that if x, y are two zero mean, jointly Gaussian ran-
dom variables, then,

K og2l (B.8)

> |8 (A —pup)
A2i -
2,i(00) + P e 0p

1 /2
E[xsgn(y)] = G—\/;E[xy], (B.9)

y

where crf = E[y?] and oy is the positive square root of E[y?]. In
order to use this theorem, we first note that as p is very small, for
large n (i.e., near convergence), (A.10) implies E[wy j(n)] ~ 0. It is
also reasonable to assume that w; ;(n) is Gaussian distributed, as
w3y i(n), through its weight update recursion, evolves from the data
that is assumed to be Gaussian distributed. We can then write,

E[Wy,i(m)sgn(w2,i(n)] = —E[W2 ;(n)sgn(iW2,i(n))]
2 ~
2 e o
2 =
= —\/;\/ Aa,i(m).

Substituting the above in (B.5), for every i € Z, we obtain

(B.10)

- - , 1
Ao+ 1) = (1= pu@—pP)rain) + puoy 7_25

(B.11)

3 0y 2
- ;p(l—uﬁ) Ag,i(n) + p~.

Convergence of A, ;(n) then requires —1 < (1-pn@-wB) <1

and also —1 < \/g,o(l — upB) < 1.1t is easy to see that both these
conditions are satisfied simultaneously for 0 < p < 2. Under this
and letting n — oo on both sides of (B.11), we then have

1(00)

— | A1 — | =0, B.12
< Liteer M(Z—u)ﬁ> (B12)

where Xu(oo) =50 u 19 2, which follows by substituting p =0 on
the RHS of (B.5) (note that for p =0, the ZA-APA turn out to be

the simple APA). It then follows from (B.12) that , /xz,i(oo) is given
by the real positive root of the following quadratic equation:

at> + bt +c=0, (B.13a)
where the coefficients are
a=1,
_[8 a-up
7" n@—-wp (B.13b)
~ IOZ
) (“”'(oo) T ua- mﬂ) '

It is easy to see that under 0 < i < 2, ¢ is always negative. Thus,

the only positive root of (B.13a) is given by =btvb—dac Vé’z_‘mc. Substitut-
ing b and ¢ from (B.13b), the positive root of (B.12) is given by,

JEp( - up) B

,/kz (00) = Q, (B.14)
‘ w2 —mp
_ T pR=)p wBaoi\\ _
where _\/l + ((2 Gy )(1 + szzﬂ )) 1.

Squaring both sides of (B.14), the steady state mean square de-
viation of a single inactive tap is obtained as follows:
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2.1(00) = A1.1(00)

02

4
— <——(1 — B+ (2 - M)ﬁ) ,

(r@-wp)"\ T
(B.15)

In steady state, the EMSE of the ZA-APA is then given as fol-
lows:

D xi22,i(00) + ) Aika,i(00)
ieNZ ieZ
=02 ((L — M)z ienz(00) + MAz jez(00)) (B.16)

where we have used M to denote the number of inactive taps.
Substituting (B.8) and (B.14) in (B.16), we obtain (19).

Jex,2(00) =

Appendix C. Proof of Theorem 3

Post-multiplying the LHS and RHS of Wq(n + 1) (obtained by
setting p =0 in (14)) by the transposes of the LHS and RHS of (14)
respectively, taking expectation, as earlier, using the aforesaid gen-
eralized independence assumption for both wy(n) and wy(n), and
whiteness of ¢(n), and also using the discretization model (15),
the recursion for Ki3(n) = E[W; (n)\Tvg(n)] can be obtained as fol-
lows:

Kiz(n + 1) =Kio@) — wE[ Y vin = v 0 = ) [Kiz(m)

j€ln
- ,uKlz(n)E[ 3 v —my' (n— m)]
me Jn
+ MZE[( > vin—jw' (- j))
j€n
X 1(12(n)( > vin—mv' (n— m))]
me Jn

+u'oy Z [rz(n—J)]

[V(n — vt -]

+ pE[IL —p Yy v — v (- j)]
j€n
x E[W1(n)sgn(wi )], (C1)

where the out-to-inner product ratios are replaced using (A.2) and
the fact that s(n), r(n) and v(n) are statistically independent. Also,
the cross terms involving @ (n — j) turn out to be zero as ©#(m) is
taken to be zero mean and independent of u(n), for all n, m and,
as both wq(n) and wy(n) are statistically independent of ©#(n —
7, j=0,1,--- P — 1. Recalling that xn,i(n) = [A12(n)];; where
A12(n) = VIKj2(n)V, we pre-multiply and post-multiply both the
LHS and the RHS of (C.1) by vl.T and v; (i.e. the it" eigenvector of
the R) respectively, to obtain:

*2,i(n+1) = A2, (n)
— kT (3 v — - ) Jkiamv

j€Jn

- ;Lv,-Tl(m(n)E[( > vin—myw' (n - m))Vz’]

me Jn

+ MZE[ViT( > vin—jwv (- j))

j€ln

x l(12(n)< Z vin—mywv' (n — m))v,-]

me Jn
oy Z [rz(n—])]
x E [vi v(n — j)v (n— j)] \'A

+oE[V] (1L = Y} vin— v - )]

j€ln

x E[Wy (n)sgn(w3 () ]v. (C.2)

> vin —

j€ln

To simplify the above, we recall the fact that E[v,.T
HvT(n— j)] = piv] and the assumption E[rZ(n 51~ m =
m. Making these substitutions above and denoting Trace(R)
by ?2, we obtain,

N ~ 2 21
Main+1) = (1— w2 — wBi)rizin) + uo; F_zﬁi

+p(1 = V] E [ msgn(wim) vi.  (€3)
At this stage, we invoke the white input condition, for which, as
seen earlier, the eigenvector v; is given by the i-th column of the
L x L identity matrix I;. Also, as seen before, p;: probability of
v(n) =v;j is given by % (i.e., same for all i) for white input and thus
Bi is independent of the index i (i.e., 8; = B). Then, from (C.3), we
have,

~ ~ , 51
M+ 1) = (1= @ — w)B)ra2i(m) + noy f_zﬁ

+ p(1 — uB)E[W1,i(m)sgn(wz,i(m)].

Note that the recursion of Xu,,-(n) depends on
v E [Wq(m)sgn(w] (n))]vi, which we evaluate separately for the
active and the inactive taps as given below.

(a) Active taps (ie NZ):

Since the active taps are having significantly large magnitudes
and, near convergence, |Wy;(n)| < |Wopsil, as before, we may
make the approximation sgn(wy ;(n)) = sgn(wepi) Vi € NZ (for
large n). Therefore, E[W1,;(n)sgn(w2,i(n))] & sgn(wop, i) E[W1,i(n)].
Now, using the fact that for large n, E[W1,;(n)] =0 [8] (also can
be obtained by setting p =0 in (A.8)), in steady state, for i e NZ,

(C4)

E[W1,i(n)sgn(w2,i(n))] ~ sgn(Wope,i) E[W1,i(n)] =0 (C5)
Substituting this in (C.4), for i € NZ, we obtain,

> ~ 2 21

M2,in+1) = (1 — (2 — w)B)A2,i(n) + oy F—zﬂ- (C.6)

The above recursion is same as that of Aqj(n), i.e, MSD of i-th
coefficient of Filter1 [8] (which can be verified by setting p =0 in
(B.7)), and a sufficient condition for its convergence is 0 < u < 2.
Under this, in steady state, for i e NZ,

n

*12,i(00) = (C.7)

o1~
Uﬁf—z = 11,i(00),

where Xu(oo) = nliﬁrrolcﬁ)fly,-(n) is the steady state MSD of i-th coef-
ficient of Filter1 [8].

(b) Inactive taps (i € Z):

On the other hand, for inactive taps, i.e., for i € Z, wop; =0,
implying sgn(wa,i(n)) = —sgn(W2,i(n)). Then, as p is very small,
from (A.10), in the steady state, E[wi(n)] = —E[W2i()] ~ 0.
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Also, in the steady state, we have E[W;;i(n)] = 0. Assuming
w1,i(n) and wy j(n) to be jointly Gaussian (which is reasonable as
both are generated from the Gaussian distributed u(n) and 9 (n)),
we can write using the aforesaid Price’s theorem [31], for i € Z,

E[W1,i(n)sgn(w2,i(m)] = —E[W1,i(n)sgn(W2,i(n)]

2 ~
———A12,i()
Wa.i
2 h2i(n
_ / Az,i(n) ) (C8)
\/ )b2 i(n)
With these results for i € Z, from (C.4) we obtain

- ~ 1
M2 i+ 1) = (1—pn@— wpB)r2,in) + uzdgf—zﬂ
2 T12.i(n)
- \/ip(l —pp)——=. (C9)
T \ A2,i()

Convergence of A1i(n) then requires —1 < (1-pn2-wp) <1

and also —1 < /m (n)p(1 — upB) < 1 simultaneously. It is easy

to see that these are satisfied simultaneously for 0 < i < 2, under
sufficiently small value of p. Under this and letting n — oo on both
sides of (C.9), we finally have,

22p1
124 019,33

nw2—-—w)B+pa1—pup) m
72,i(00)
(o) + /2 20-08)

Substituting 1/352,,-(00) from (B.14) and after some simplifications,
we obtain,

*12,i(00) =

=71.1(00)

(C.10)

~ ~ 1
A12,1(00) = Aq,i(00) (1 - —) (C11)

Q+1

In steady state, the cross EMSE of the APA and the ZA-APA is
then given as follows:

Jex12(00) = Y Aik12,i(00) + Y Aik12,i(00)
ieNZ ieZ
2 ((L = M)Z12,ienz(00) + MA12,ie2(00)) .
Substituting (C.7) and (C.11) in (C.12), we get (21).

(C12)

References

[1] R.L. Das, M. Chakraborty, Sparse adaptive filters - an overview and some new
results, in: Proc. IEEE Int. Symp. on Circuits and Syst. (ISCAS), Seoul, 2012,
pp. 2745-2748.

[2] S. Haykin, Adaptive Filter Theory, Prentice-Hall, Englewood Cliffs, NJ, 2002.

[3] Y. Chen, Y. Gu, A.O. Hero, Sparse LMS for system identification, in: Proc.
IEEE Int. Conf. on Acoustics, Speech and Signal Process. (ICASSP), Taipei, 2009,
pp. 3125-3128.

[4] Y. Chen, Y. Gu, A.O. Hero, Regularized least-mean-square algorithms, preprint,
arXiv:1012.5066v2 [stat.ME], Dec. 2010.

[5] B.K. Das, M. Chakraborty, Sparse adaptive filtering by an adaptive convex com-
bination of the LMS and the ZA-LMS algorithms, IEEE Trans. Circuits Syst. I,
Regul. Pap. 61 (5) (May 2014) 1499-1507.

[6] B.K. Das, G. Vinay Chakravarthi, M. Chakraborty, A convex combination of NLMS
and ZA-NLMS for identifying systems with variable sparsity, IEEE Trans. Circuits
Syst. II, Express Briefs 64 (9) (Sep. 2017) 1112-1116.

[7] K. Ozeki, T. Umeda, An adaptive filtering algorithm using an orthogonal projec-
tion to an affine subspace and its properties, Electron. Commun. Jpn., Part 1,
Commun. 67-A (5) (1984) 19-27.

[8] S.G. Sankaran, A.A. (Louis) Beex, Convergence behavior of affine projection al-
gorithms, IEEE Trans. Signal Process. 48 (4) (Apr. 2000) 1086-1096.

[9] TK. Paul, T. Ogunfunmi, On the convergence behavior of the affine projection
algorithm for adaptive filters, IEEE Trans. Circuits Syst. I, Regul. Pap. 58 (8)
(Aug. 2011) 1813-1826.

[10] K. Mayyas, A variable step-size affine projection algorithm, Digit. Signal Pro-
cess. 20 (2) (Mar. 2010) 502-510.

[11] A. Gonzalez, M. Ferrer, M. Diego, G. Piflero, An affine projection algorithm with
variable step size and projection order, Digit. Signal Process. 22 (4) (Jul. 2012)
586-592.

[12] A.H. Sayed, Fundamentals of Adaptive Filtering, Wiley, Hoboken, NJ, USA, 2003.

[13] S.H. Kim, ]J. Jeong, G. Koo, S.W. Kim, Robust convex combination of affine
projection-type algorithms using an impulsive noise indicator, Signal Process.
129 (Dec. 2016) 33-37.

[14] J.H. Choi, S.H. Kim, S.W. Kim, Adaptive combination of affine projection and
NLMS algorithms, Signal Process. 100 (Jul. 2014) 64-70.

[15] C. Ren, Z. Wang, Z. Zhao, Adaptive combination of affine projection and NLMS
algorithms based on variable step-sizes, Digit. Signal Process. 59 (Dec. 2016)
86-99.

[16] R. Meng, R.C. de Lamare, V.H. Nascimento, Sparsity-aware affine projection
adaptive algorithms for system identification, in: Sensor Signal Process. for De-
fence (SSPD), London, 2011, pp. 1-5.

[17] S. Radhika, A. Sivabalan, ZA-APA with zero attractor controller selection crite-
rion for sparse system identification, Signal Image Video Process. 12 (2) (Feb.
2018) 371-377.

[18] M.V.S. Lima, W.A. Martins, P.S.R. Diniz, Affine projection algorithms for sparse
system identification, in: Proc. IEEE Int. Conf. on Acoustics, Speech and Signal
Process. (ICASSP), Vancouver, BC, 2013, pp. 5666-5670.

[19] M.V.S. Lima, I. Sobron, W.A. Martins, P.S.R. Diniz, Stability and MSE analyses
of affine projection algorithms for sparse system identification, in: Proc. IEEE
Int. Conf. on Acoustics, Speech and Signal Process. (ICASSP), Florence, 2014,
pp. 6399-6403.

[20] M.V.S. Lima, TN. Ferreira, W.A. Martins, P.S.R. Diniz, Sparsity-aware data-
selective adaptive filters, IEEE Trans. Signal Process. 62 (17) (Sep. 2014)
4557-4572.

[21] Y. Li, C. Zhang, S. Wang, Low-complexity non-uniform penalized affine pro-
jection algorithm for sparse system identification, Circuits Syst. Signal Process.
35 (5) (May 2016) 1611-1624.

[22] Y. Zhang, S. Xiao, D. Sun, L. Liu, Low-complexity £o-norm penalized shrinkage
linear and widely linear affine projection algorithms, Circuits Syst. Signal Pro-
cess. 36 (8) (Aug. 2017) 3385-3408.

[23] S. Radhika, A. Sivabalan, Steady state mean square analysis of convex combina-
tion of ZA-APA and APA for acoustic echo cancellation, in: S. Berretti, S. Thampi,
PR. Srivastava (Eds.), Intelligent Systems Technologies and Applications, in:
Adv. Intell. Syst. Comput., vol. 384, Springer, Cham, 2016, pp. 437-446.

[24] D.T.M. Slock, On the convergence behavior of the LMS and the normalized LMS
algorithms, IEEE Trans. Signal Process. 41 (9) (Sep. 1993) 2811-2825.

[25] ]. Arenas-Garcia, L.A. Azpicueta-Ruiz, M.T.M. Silva, V.H. Nascimento, A.H. Sayed,
Combinations of adaptive filters, IEEE Signal Process. Mag. 33 (1) (Jan. 2016)
120-140.

[26] J. Arenas-Garcia, A.R. Figueiras-Vidal, A.H. Sayed, Mean-square performance of
a convex combination of two adaptive filters, IEEE Trans. Signal Process. 54 (3)
(Mar. 2006) 1078-1090.

[27] J. Arenas-Garcia, M. Martinez-Ramén, A. Navia-Vazquez, AR. Figueiras-Vidal,
Plant identification via adaptive combination of transversal filters, Signal Pro-
cess. 86 (9) (Sep. 2006) 2430-2438.

[28] P. Loganathan, A.W.H. Khong, P.A. Naylor, A class of sparseness-controlled al-
gorithms for echo cancellation, IEEE Trans. Audio Speech Lang. Process. 17 (8)
(Nov. 2009) 1591-1601.

[29] J. Benesty, T. Gaensler, D.R. Morgan, M.M. Sondhi, S.L. Gay, Advances in network
and acoustic echo cancellation, Springer-Verlag, Berlin, Germany, 2001.

[30] Digital network echo cancellers, ITU-T Rec. G.168, 2002.

[31] A. Papoulis, S.U. Pillai, Probability, random variables, and stochastic processes,
4th edition, McGraw-Hill, NY, 2002.

Vinay Chakravarthi Gogineni received the B.Tech. degree in electron-
ics and communication engineering from Jawaharlal Nehru Technological
University, Andhra Pradesh, India, in 2005 and the M.Tech. degree in com-
munication engineering from the Vellore Institute of Technology, Vellore,
India, in 2008. He is currently working toward the Ph.D. degree at the
Department of electronics and electrical communication engineering, IIT
Kharagpur, Kharagpur, India.

From 2008 to 2011, he was with Cosyres Technologies, Bangalore, In-
dia, where he was involved in algorithmic-level optimization of audio
codecs. His current research interests include adaptive filtering and sta-
tistical signal processing.


http://refhub.elsevier.com/S1051-2004(18)30514-1/bib52616A6962s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib52616A6962s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib52616A6962s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4861796B696Es1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4865726Fs1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4865726Fs1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4865726Fs1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4865726F31s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4865726F31s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib42696A6974s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib42696A6974s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib42696A6974s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib42696A697432s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib42696A697432s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib42696A697432s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4F7A656B69s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4F7A656B69s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4F7A656B69s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib53616E6B6172616Es1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib53616E6B6172616Es1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib5061756Cs1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib5061756Cs1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib5061756Cs1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4D6179796173s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4D6179796173s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib50696E65726Fs1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib50696E65726Fs1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib50696E65726Fs1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib5361796564626F6F6Bs1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4B696Ds1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4B696Ds1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4B696Ds1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib43686F69s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib43686F69s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib5A5A68616Fs1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib5A5A68616Fs1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib5A5A68616Fs1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4C31415041s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4C31415041s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4C31415041s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib5233s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib5233s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib5233s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4C30415041s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4C30415041s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4C30415041s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4C3041504131s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4C3041504131s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4C3041504131s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4C3041504131s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4C3041504132s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4C3041504132s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4C3041504132s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib5231s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib5231s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib5231s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib5232s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib5232s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib5232s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib5234s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib5234s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib5234s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib5234s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib536C6F636Bs1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib536C6F636Bs1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4A65726Fs1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4A65726Fs1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4A65726Fs1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib47617263696132303036s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib47617263696132303036s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib47617263696132303036s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4A65726F31s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4A65726F31s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib4A65726F31s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib5343504E4C4D53s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib5343504E4C4D53s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib5343504E4C4D53s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib42656E65737479s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib42656E65737479s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib5061706F756C6973s1
http://refhub.elsevier.com/S1051-2004(18)30514-1/bib5061706F756C6973s1

132 V.C. Gogineni et al. / Digital Signal Processing 82 (2018) 118-132

Bijit Kumar Das received B.Engg. in electronics and telecommunication
engineering from Bengal Engineering and Science University, Shibpur, In-
dia in 2007, followed by M.S. (by research) in 2011 and Ph.D. in 2017,
both in electronics and electrical communication engineering from the In-
dian Institute of Technology, Kharagpur. He is currently a faculty member
at the IIIT, Guwahati, India.

His current research interests include adaptive filter theory, audio and
acoustic signal processing, digital and statistical signal processing.

Mrityunjoy Chakraborty is currently a Professor in the Department
of Electronics and Electrical Communication Engineering, Indian Institute
of Technology, Kharagpur, West Bengal, India, with teaching and research
interests in digital and adaptive signal processing, compressive sensing,
VLSI signal processing, and applied linear algebra.

Prof. Chakraborty is currently a senior editorial board member of
the IEEE Signal Processing Magazine and also of the IEEE Journal of
Emerging Techniques in Circuits and Systems. Earlier, he had been an

Associate Editor of the IEEE Transactions on Circuits and Systems, Part
I (2004-2007, 2010-2012) and Part II (2008-2009), apart from being
the chair of the DSP Technical Committee (TC) of the IEEE Circuits and
Systems Society, a guest editor of the EURASIP JASP and special is-
sues of TCAS-II, track co-chair (DSP track) of ISCAS 2015-2018, TPC
co-chair of IEEE SIPS-2018, Special Session Co-Chair of DSP-18, Ga-
bor track chair of DSP-15, and a TPC member of ISCAS (2011-2014),
ICC (2007-2011) and Globecom (2008-2011). Prof. Chakraborty is a co-
founder of the Asia Pacific Signal and Information Processing Associa-
tion (APSIPA), has been a member of the APSIPA BOG (2013-2016) and
also, served as the chair of the APSIPA TC on Signal and Information
Processing Theory and Methods (SIPTM). He has also been the general
chair and also the TPC chair of the National Conference on Communica-
tions - 2012.

Prof. Chakraborty is a fellow of the National Academy of Science, India,
and also of the Indian National Academy of Engineering (INAE). During
2012-2013, he was selected as a distinguished lecturer of the APSIPA.



	An adaptive convex combination of APA and ZA-APA for identifying systems having variable sparsity and correlated input
	1 Introduction
	2 Proposed algorithm
	3 Performance analysis of the proposed combination
	3.1 First order convergence analysis of the ZA-APA
	3.2 Second order convergence analysis of the ZA-APA
	3.3 Cross excess mean square error analysis of ZA-APA and APA
	3.4 Convergence analysis of a(n) for various cases of sparsity level of the system
	3.4.1 Non-sparse systems
	3.4.2 Less sparse systems
	3.4.3 Highly sparse systems


	4 Numerical simulations
	5 Conclusions
	Appendix A Proof of Theorem 1
	Appendix B Proof of Theorem 2
	Appendix C Proof of Theorem 3
	References


