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Abstract—This brief aims to identify and track a sparse
system with time varying sparseness by a convex combination
of two adaptive filters, one based on the sparsity unaware nor-
malized least mean square (NLMS) algorithm and the other
based on the sparsity aware zero-attracting NLMS (ZA-NLMS)
algorithm. An analysis of the proposed combination is car-
ried out, which reveals that while the proposed combination
converges to the ZA-NLMS or the NLMS-based filter for
systems that are highly sparse or highly non-sparse, respectively
(i.e., better of the two under the given sparsity condition), it
may, however, lead to a filter that performs better than both
the constituent filters in the case of systems that lie between
moderately sparse to moderately non-sparse. The same is con-
firmed via detailed simulation studies under different sparsity
conditions.

Index Terms—Adaptive filter, excess mean square error
(EMSE), /1-norm, normalized least mean square (NLMS), sparse
systems.

I. INTRODUCTION

ECENTLY, combination schemes [1], [2] involving two

or more adaptive filters have been proposed for improv-
ing filter performance in terms of convergence rate, robustness,
steady state misadjustment, tracking ability, etc. In the context
of sparse system identification [3], a convex combination of
two adaptive filters, one employing the sparsity aware zero-
attracting LMS algorithm [4] and the other deploying the
conventional, sparsity unaware LMS mode of adaptation [5]
was proposed in [6], following the general approach of convex
combination of two adaptive filters [7]. Analysis showed that
depending on the level of sparseness, from highly sparse to
non-sparse, the combination switches between the two filters,
always making the correct choice. The LMS, however, is a
very basic form of adaptation and is often replaced by its nor-
malized form, i.e., the so-called normalized least mean square
(NLMS) algorithm [S]. In NLMS, the step size used is nor-
malized by the Euclidean norm of the tap input vector which
makes it more capable to handle fluctuations in input statistics
than LMS. While it is possible to formulate a convex com-
bination of the NLMS and its sparsity aware counterpart, the
zero-attracting NLMS (ZA-NLMS) [8] along the lines of [6]
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for identifying and tracking a sparse system with time vary-
ing sparseness, analysis of such a combination is, however,
extremely difficult due to the presence of normalized update
terms in the update equation of both the filters and a nonlinear
term in the update equation of the ZA-NLMS. In this brief,
we consider a convex combination of NLMS and ZA-NLMS
algorithms, and evaluate its behavior analytically, by using an
elegant scheme of angular discretization of random vectors [9]
that helps in reducing the aforesaid complexities. The analysis
shows that while for systems that are highly sparse or highly
non-sparse, the proposed combination converges to the ZA-
NLMS or the NLMS-based filter, respectively (i.e., better of
the two under the given sparsity condition), for systems that
lie between moderately sparse to moderately non-sparse, the
proposed combination can, however, perform better than both
the constituent filters. The same is also verified via extensive
simulation studies under different sparsity conditions.

II. PROPOSED CONVEX COMBINATION

We consider here the problem of identifying a system
that takes a random input x(n) and produces the observ-
able output ys(n) as ya(n) = wj X(n) + n(n), where x(n) =
x(n),x(n — 1), ..., x(n — N+ D7, wo is a N x 1 impulse
response vector (to be identified) having variable sparsity and
n(n) is an observation noise which is assumed to be zero mean,
white with variance 0772 and independent of the input data vec-
tor x(m) for any m and n. If wy is sufficiently sparse, the
ZA-NLMS algorithm will be a better choice than NLMS to
identify it as it will produce lesser steady state excess mean
square error (EMSE) than produced by NLMS. On the other
hand, if wy is less sparse or non-sparse, performance of NLMS
will be superior to that of ZA-NLMS. Since wy is assumed
to have sparsity that varies over a wide range in time, either
filter alone does not make an ideal choice for identifying and
tracking the system. Instead, to achieve robustness against time
varying sparsity, we deploy a convex combination of the two
(similar to Fig. 1 of [6]), where filter 1 uses ZA-NLMS to
adapt a filter coefficient vector wy(n) as [8]

e1(n) x(n)
8 + [1x(m)||?

and filter 2 uses NLMS for adapting a filter coefficient vector
wy(n) as

wi(n+1) =wi(n) — p sgn(wi(n) + p )

e2(n) x(n)
8+ [1x(m)|]?
where p is the usual step size (assumed same for both

the filters), p is a suitable constant (usually very very
small), § is a very small regularization parameter, and

wo(n+1) =wa(n) +pn 2
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ei(n) = yqg(n) — yi(n), i = 1,2 is the ith filter output
error with y;(n) = wiT(n)x(n) denoting the ith filter out-
put. The convex combination generates a combined output
y(n) = ymyi(n) + [1 — y(n)]y2(n). The variable y(n) is
a mixing parameter that lies between 0 and 1, which is to
be adapted by following a gradient descent method to mini-
mize the quadratic error function of the overall filter, namely,
ez(n) where e(n) = yqg(n) — y(n). However, such adaptation
does not guarantee that y(n) will always lie between 0 and
1. Therefore, instead of y(n), an equivalent variable a(n) is
updated which expresses y(n) as a sigmoidal function, i.e.,

y(n) = m. The update equation of a(n) is given
by [7]
_ Ja ()
an+1) =an) — > da(n)
= a(n) + pae) [y1(n) —y2(m ]y m)[1 — y )]

3)

where w, is an appropriate step size. In practice, y(n) =~ 1
for a(n) >> 0 and conversely, y(n) ~ 0 for a(n) << 0.
Therefore, instead of updating a(n) up to oo, it is suf-
ficient to restrict it to a range [—at, +a™] (@ : a large,
positive number) which limits the permissible range of y (n) to

[1—y*, yTt], where y* = m.

ITI. PERFORMANCE ANALYSIS
A. Some Important Definitions

Following [7], we introduce certain definitions here which
will be useful in the proposed performance analysis. For
i =1, 2, we define the following.

1) Weight error vectors W;(n) = wog — w;(n).

2) Equivalent weight vector for the combined filter w.(n) =

y(mwi(n) + [1 — y(n)]wa(n).

3) Equivalent weight error vector for the combined filter

We(n) = wo — we(n) = y(mWi1(n) + [1 — y (n)1W2(n).
4) A priori errors eqi(n) = VviT(n)x(n) and e, (n) =
W (mx(n) (clearly, eq(n) = ymes1(n) + [1 —
y(m]eq2(n) and e(n) = eq(n) + n(n)).

5) EMSE Jei(n) = Eles,(m], i =
E[e2(n)].

6) Cross EMSE Jex 12(n) = Eleq 1(n)eq2(n)].

From  Cauchy-Schwartz  inequality, Jex 12(n) <
VJex.1(n) /Jex 2(n), which means, Jex, 12(n) cannot be greater
than both Jex 1(n) and Jex2(n) simultaneously. Also, we
define by Z and NZ the sets of filter tap indices corresponding
to the inactive and active taps of w, respectively.

As in [7], we assume that the initial conditions wy(0),
w2(0), and a(0) are independent of x(n), ys(n), and n(n) for
all n. It is also assumed that x(n) is WSS with E[x(n)] = 0
and E[x(n)x’ (n)] = R, and that x(n) and n(n) are jointly
Gaussian processes. Taking expectation on both sides of (3),
one can then write

Ela(n +1)] = Ela(n)] + uaE[e(m)(y1(n) — y2(n))
xym(d—ym)]. &
Substituting e(n) by e, (n)+n(n) where e,(n) is defined above,

noting that y(n) —y2(n) = e, 2(n) —e,, 1(n) and also that n(n)
is zero mean, white, and assuming like [7] that in the steady

1,2, Jx(n) =
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state, y (n) is independent of the a priori errors e, i(n), it is
easy to verify [7] that for large n (theoretically, for n — 00)

Ela(n + D] = Ela(0)] + o E[y m)[1 = y )]’ A%

— a2t =y ]| a )

where AJ] = Jex,1(00) — Jex,12(00) and AJy = Jex 2(00) —
Jex,12(00), with Jex,i(00) = nlingoJex,i(n) and Jex, 12(00) =
lim Jex 12(n) denoting, respectively, the steady state EMSE
n—o0

and the steady state cross EMSE. Equation (5) which provides
the dynamics of the evolution of E[a(n)] assumes constant AJy
and AJ,, meaning, it comes in operation once both the NLMS
and the ZA-NLMS algorithms have converged. For analyzing
the convergence of E[a(n)], we next evaluate AJ; and AJ>
for the proposed combination, which is, however, a very com-
plicated task. To reduce the complexities, we make use of an
elegant scheme of angular discretization of random vectors
proposed in [9].

Angular Discretization of Random Vectors: Here, the given
continuous valued random vector (x(n) in our case) is assumed
to take one of the 2N directions given by =+v;, i =
0,1,...,N — 1, where v; is the ith normalized eigenvector
of the input autocorrelation matrix R corresponding to the
eigenvalue X;. More specifically, we represent x(n) as

X(n) = s, vy (6)

where s, = 1 with Pr[s, = *1] = (1/2), r, = [Ix(n)|,
i.e., r, has the same distribution as that of |x(n)||, and
v, €{vili=0,1,...,N — 1} with Pr[v, = v;] = (A;/Tr(R)).
The three variables s,, r,, and v, are assumed to be statisti-
cally independent of each other. It is easy to check that the
RHS of (6) conforms to the following properties of x(n): (i) it
has mean zero, (ii) its norm is given by ||x(n)||, and (iii) its
autocorrelation matrix is given by R [9].

From now on, in addition to the above model, we will also
consider the input to be white with variance o2 for conve-
nience. Recently, for white input, the above model has been
used [10] to evaluate the mean square deviation (MSD), i.e.,
E[|lwo — w(n)||?] of a zero-attracting, proportionate NLMS
(ZA-PNLMS) algorithm in the steady state (where w(n) is
the weight vector). In ZA-PNLMS, the zero-attracting term
—p sgn(w(n)) is added to the standard PNLMS update term

m%, where G(n) is a diagonal matrix, with the
ith diagonal entry g;(n), i=0,1,...,N — 1, satisfying: 1)
gi(n) > 0 and 2) Zf»\’:_ol gi(n) = 1. It is easy to check that
for G(n) = (1/N)I and p = 0, the ZA-PNLMS algorithm
reduces to the standard NLMS algorithm. Substituting these
in the MSD expression for ZA-PNLMS [10] and recalling
that for white input, the EMSE for an adaptive filter equals
sz times the MSD, we obtain the following expression for
Jex,2(00) (which also conforms to the one derived in [9]):

w 0
7 Moi ~ 503 @)
(i.e., assuming p << 2 for small misadjustment). We next
evaluate Jex 1(00) and Jex,12(00). For this, we assume a large
filter order (i.e., N >> 1) which permits us to assume that the
variance of |[x(n)||? is small, leading to

Jex,2(00) =

n

E[l} N 1 R )
21 E[2] T E[lIxm)?]  NoZ’
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Theorem 1: For white input and large filter order (i.e.,
N >> 1) as well as small misadjustment (i.e., u << 2), the
steady state EMSE of the ZA-NLMS algorithm is given by

Jex,l (00) = Jex,Z(oo) + jM 9)

2a72 3.2 2a73
y=o2| ML LTy gL e
T2 |7 7\ N3 pa? 2

and M : number of inactive taps.

Proof: The result follows by making the substitution G(n) =
(1/N)X in the EMSE expression of the ZA-PNLMS [10] [as the
ZA-PNLMS algorithm reduces to ZA-NLMS under G(n) =
(1/N)I], then by making use of (8) (which follows from the
assumption N >> 1) and the assumption u << 2. |

The following may be noted from Theorem 1:

1) The term Jy is a linear function of M with negative

gradient as {1/7 — (1/n)\/(nu3a,72)/(N3p203) +1 -
1} <O.

2) For M =0, i.e., for a fully non-sparse system, }M > 0.
However, as M increases, .7M decreases tillA for some
M = M, it becomes zero. For M > 1\{, Jy contin-
ues to decrease linearly and we have, Jyy < 0. The
index M’ can be treated as the boundary between a
non-sparse system and a sparse system, and it can be
set by choosing the value of p appropriately (by set-
ting Ju = 0, one can verify that the value of p
resulting in Jex 1(00) = Jex2(00) is given by p =
J @D [@INH(1 =7 + (eN/M)? — 1.

3) From 1 and 2 above, it follows that for non-sparse

systems (i.e., for less values of M, in particular for
0 <M < M), we have Jex 1(00) > Jex 2(00), mean-
ing ZA-NLMS performs better than NLMS, whereas,
for M' < M < N, Jex.1(00) < Jex 2(00), meaning ZA-
NLMS performs better than NLMS. This is expected, as
in ZA-NLMS, zero attraction is enforced uniformly on
all taps. Thus, when number of inactive taps M is high,
ZA-NLMS is beneficial, whereas, when M is less, zero-
attraction on active coefficients results in enhancement
of EMSE.

Theorem 2: For white input, large filter order and u << 2,
the steady state cross-EMSE Jex 12(00) between the NLMS
and the ZA-NLMS can be expressed as

2 Wi
Jex, 12(00) 1 = Jex,2(00)|:1 —M/{N[%_i_ 1j| }j|

(10)
where o2 = lim E[W] ,(n)].i € Z (same for all i [10]).
o n—»oo ’
Proof: Given in the Appendix. |

From (10), it follows that: 1) for M = 0, i.e., for a fully
non-sparse system, Jex, 12(00) = Jex2(00) and 2) Jex, 12(00)
has a negative gradient with respect to M, i.e., as M increases,
it falls below Jex 2(00) linearly. We plot Jex,1(00), Jex,2(00)
and Jex 12(00) against M over the range O — N in Fig. 1. Since
NLMS is sparsity unaware, Jex 2(00) is constant for all val-
ues of M. Also, the two straight lines, one for Je 1(00) and
the other for Jex 12(00) are seen to intersect at M = M”.
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Fig. 1. Variation of Jex 1(00), Jex 2(00), and Jex 12(00) against the sparsity
level of the system.

Fig. 1 shows the case where M” < N. In that case, the range
0 — N can be divided into the following three zones:

1) Zone 1 (0 <M < M) for which Jex 1(00) > Jex.2(00)
Jex,12(00).

2) Zone 2 (M’ < M < M") for which Jex 2(00)
Jex,1(00) > Jex, 12(00).

3) Zone 3 (M”" < M < N) for which Je 2(00)
Jex,12(00) = Jex,1(00).

However, if M” > N, the two straight lines Jex j(c0) and
Jex,12(00) do not intersect within 0 — N.! In that case, Fig. 1
will have only two zones, namely, zones 1 and 2.

Now, to understand the convergence behavior of the
proposed convex combination, we use the following results
from [7] on convex combination of any two adaptive filters:

1) If AJ; >0 and AJy <0, ie., Jex2(00) > Jex,12(00) >
Jex,1(00), then, y(n) — 1 as n — oo, meaning, the
proposed convex combination will converge to the filter
1 and we will have Jex(00) & Jex,1(00).

2) If AJi > 0and AJy <0, i.e., Jex,1(00) > Jex,12(00) >
Jex2(00), then, y(n) — 0 as n — oo, meaning, the
proposed convex combination will converge to the filter
2, leading to Jex(00) & Jex 2(00).

3) If AJb > 0 and AJ; > 0, Le., Je2(00) >
Jex,12(00), Jex,1(00) > Jex,12(00), the convex combina-
tion may converge to a filter that produces even lesser
EMSE than produced individually by filters 1 and 2, i.e.,
one will have Jex(00) < min{Jex 1(00), Jex,2(00)} [note
that as mentioned earlier, we cannot have the other case,
namely, Jex,2(00) < Jex,12(00), Jex,1(00) < Jex,12(00)
simultaneously].

From above and also from Fig. 1, we may then conclude the
following:

1) For M = 0, i.e., for an absolutely non-sparse system, we
have AJ; > 0 and AJ; = 0, meaning, nll)rgo ym) =0

v

v

\

and thus the combined filter w.(n), in the steady state,
will converge to wa(n), i.e., the NLMS-based filter.

2) For 0 < M < M”, we have both AJ; > 0 and
AJ> > 0, meaning, w.(n) in this case will con-
verge to a filter that produces Jex(00) with Jex(00) <
min{Jex,1(00), Jex,2(00)}.

ISolving Jex.1(00) = Jex.12(00), one obtains M” as N/c, where c¢ is

given approximately by ¢ = 1 — (1/7) + (1/77)1/7r;¢3a%/(p2N30x2)(1 —

“U%/(BNUJ?‘T»%L,-)L i € Z under the assumption that p is very small. Now,

v%“,, i € Z decreases with increasing p [10], it is easy to verify that ¢

decreases as p increases. However, as long as ¢ remains greater than one, we
have M” < N. On the other hand, if ¢ exceeds one, we have M” > N and
the two straight lines Jex 1(00) and Jex 12(00) do not intersect within 0 — N.

as o,
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Fig. 2. EMSE and cross EMSE versus iteration index for ZA-NLMS, NLMS, and the overall combination.

3) For M < M < N, we have AJ, > 0 and AJ; < 0,
implying, lim y(n) = 1 and thus, w.(n) will converge
n— oo
to wi(n), i.e., the ZA-NLMS-based filter.

IV. SIMULATION RESULTS

The proposed convex combination was simulated to iden-
tify a system with 128 coefficients that were chosen randomly
from the set {0, 1}. Initially, the system was chosen to be
highly non-sparse with the number of inactive taps (i.e., taps
taking zero values) M taken to be only 4 (equivalently, number
of active taps taking value 1 taken to be 124). The sparsity
level of the system was gradually increased after every 30 000
time steps, leading to M = 108, 113, 118, and 124 after
30000, 60000, 90000 and 120000 time steps, respectively.
The simulation was carried out for a total of 150000 itera-
tions, with © = 0.1, u, = 15, p = 0.000004, and with the
input x(n) and the observation noise 7(n) taken as zero mean,
white Gaussian random processes with variances 02 = 1 and
0,72 = 0.01, respectively. Filters with 128 coefficients were
chosen for both filters 1 and 2, with their initial values taken
as zeros. The simulation results are displayed in Fig. 2 by
plotting learning curve of the proposed convex combination,
namely, the EMSE Jex(n) against the iteration index n (red
line), obtained by averaging eg (n) over 100 ensembles. Apart
from Jex(n), Fig. 2 also plots the individual learning curves
of the two filters, namely, Jex 1(n) (green line) and Jex 2(n)
(brown line), along with the cross EMSE Jex 12(n) (blue line)
against n. The following can be observed from Fig. 2:

1) For 0 < n < 30000, the system is almost fully
non-sparse and it is seen that in the steady state,
Jex,2(n) & Jex,12(n) with both Jex 2(n) and Jex,12(n) less
than Jex 1(n). Also seen is that Jex(n) & Jex 2(n), mean-
ing, the convex combination switches to filter 2. This
validates our conjecture above about fully non-sparse
systems.

It is seen that for 30001 < n < 60000, Jex2(n) <
Jex.1(n), for 60001 < n < 90000, Jex 2(n) ~ Jex.1(n),
while, for 90001 < n < 120000, Jex2(n) > Jex,1(n)
(all in the steady state). The first case corresponds to
a moderately non-sparse system (zone 1 of Fig. 1), the
second case corresponds to the transition point M’ of
Fig. 1, while the third case corresponds to a moderately
sparse system (zone 2 of Fig. 1). In all the three cases, it
is seen that Jex 12(n) < Jex,i(n), i = 1,2 (in the steady

2)

state). More interestingly, in all the three cases above,
we have Jex(n) < Jex,i(n), i = 1,2. This validates our
hypothesis that in case of both zones 1 and 2 of Fig. 1,
as Jex,12(00) < Jex,i(00), i =1, 2, the proposed combi-
nation can converge to a filter that performs better than
either of filters 1 and 2.

Lastly, for 120001 < n < 150000, we have Jex 2(n) >
Jex,12(n) > Jex1(n) and Jex(n) ~ Jex1(n) (in the
steady state). This corresponds to a highly sparse system
(zone 3 of Fig. 1). Again, this validates our claim that
for a highly sparse system, the proposed combination
will switch to filter 1.

We have also plotted in Fig. 2 the theoretical values of
Jex,1(00) and Jex 12(00) as per (9) and (10) by horizontal
green and blue dashed lines, respectively. It is easily seen that
for each value of M, the theoretical values match the exper-
imentally obtained values of Jex 1(00) and Jex 12(00) almost
exactly.

3)

APPENDIX
EVALUATION OF Je 12(00)

From Section II-A, Jex.12(n) = Eleqz1(n) eq2(n)] =
E[xT<n)v~n(n>V;2T (mx(m] = E(Tix" (Wi (W] () x(m)])
Tr{E[x(n)x (n)Vvl(n)va (n)]}. Using the statistical inde-
pendence of x(n) vis-a-vis wi(n) and wy(n) [5], and
the fact that x(n) is white with variance o2, we have,
Jex, 12(n) o2Tr{Ki2(n)] o2 YN Rioi(n), where
Kix(n) = E[w; (n)\7v2T (n)] is the so-called weight error cross
covariance matrix and Xlz,i(n) [Ki2(n)];i. To obtain
Jex,12(00), we now consider the dynamics of the evolution of
Kj2(n) in time. Subtracting the LHS and RHS of (1) and (2)
separately from wy, replacing e;(n) by x! (n)W;(n) +n(n), i =
1, 2 and neglecting § as it is very small, we obtain

) px(m)x” (n)
= (1-22200
D ( |mwﬁ)
x () — LX) ontwi] (1)
x|
and
5 mx" () . pn(n)x(n)
1 =<1—“X—> _ERETY (12
Wb oA x|

Post-multiplying the RHS of (11) by the transpose of the RHS
of (12), using the aforesaid statistical independence of x(n)
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with wi(n) and wy(n), and also the fact that n(n) is zero
mean, white and independent of x(m) for all n, m, we obtain

T
K+ 1) = E|:<I - M)KI n)
Ix(@)l

( MX(n)XT(n))}
x (I — ————=
lIx(m) 1

+ pE[sgn[wi(n)]W) (n)]

T
E[<I _ _ﬁgg;”gm)} +w2E[ )]
y E[x(n)xT(n)}
|[x(n)||*

Using (6) to replace x(n) by s, 1, v,, we obtain

Ki2(n+1)
N—-1

13)

Aj
Tr(R)

(I — ,uVjVjT>K12(n) (I - Mvjvf)
=0
N—1

+ pE[sgnlwi(m 1wy ][ T—p )
Jj=

NG T
< Tr(R) i

RN
2p[. 2 J T
E[ ]E - ViV 14
Pre- and post-multiplying Ki2(n) by VI-T and v;, respectively,
using the orthonormality of the eigenvector v;’s and noting
that A1 ;(n) = viTKlz(n)V,-, we have

~ )\'l ~
Ai(n+1) = <1 -2 - M)m))\n,i(”)

+M20”2AE ! + Q12.i(n) (15)
E|l — i(n
Tr(R) | 12 12.
where
Q2,i(n) = pv; E[sgnlw (n)]W5 ()]
N-1
] T
X I—Mj_zo mvjv V. (16)

Now, for white x(n), R is a diagonal matrix, meaning the
eigenvector v; is given by the ith column of the N x N identity
matrix, A; = ax2 and Tr(R) = Nox2. From (16), it then follows
that:

Qi2,i(n) = p(1 — p/N)E[sgn[wy i(n) |in,i(n)].

Now, from [10], it follows that both wy ;(n) and wy ;(n) con-
verge to their true values in mean. This means, for large
n, Elw;i(n)] =~ 0 for i € Z, and E[w,;(n)] ~ 0 for both
i € Zand i € NZ, ie., in steady state, both w; ;(n) and
wy,i(n), i € Z are zero mean random variables. Assuming
wi,i(n) and wp ;(n) to be jointly Gaussian [which is real-
istic as both are generated from x(n) which is assumed to

be Gaussian], we can apply Price’s theorem [11] leading
to lim Elsgniwi (012, (] = —/2/(w03, Yhrzi(n). For
large n, this implies

Qu24(n) ~ —p(1 = w/N)\[2/ (702, Janim. (18)

a7)
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Substituting in (15), using the approximation E[(1 /r,%)] ~
(1/Noxz) from (8), and letting n — oo, we have, for i € Z

2.2

- ueo " % 2
hi2i(00) = 155/ ]—V<2—u>+p<1 - N) —
X Wi,i

(19)

Since ‘7»% ; is independent of i [10], Xlz,i(oo) too does not
depend on i. Using the approximations u << 2 and N >> 1

in (19), we obtain, for i € Z

N
1+ 22
2p

h12,i(00) = poy /12No? (20)

2
JTO'WU

Next, for i € NZ and assuming small weight error vari-
ance in the steady state, it is reasonable to assume that
for large n, sgn[w; ;(n)] = sgn[wo;]. Since, in the steady
state, E[w2;(m)] = 0, we have, E[sgn[w; (n)]w2;(n)] =
Elsgn[wo,1w2.i(m)] = sgnlwo1E[W2:(m)] = 0. From (17),
we then have Qi ;(n) = 0 for large n and for i € NZ.
Substituting in (15), and as before, letting n — oo and taking
E[(1/r2)] ~ (1/No?2), we obtain, for i € NZ

fini(o0) = pop/{@ = wNa?| ~ wa/fona?} @)

as 4 << 2. Note that like for i € Z, ilg,i(oo) is inde-
pendent o~f i fori € NZ as well. Noting that Jex 12(00) =
020 Y ez 112,1(00)+ Y ienz M12,i(00)] where |Z] = M, [NZ| =
N —M, substituting A2 ;(co) from (20) and (21), and recalling
from (7) that Jex 2(00) = %03, the result (10) follows easily.
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