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Base line interferometer (BLI) is a popular direction of arrival
(DOA) estimation technique for electronic warfare applications. For
size, weight, and power (SWaP) optimized realization of the BLI,
switched mode of operation is preferred which uses fewer number of
receiver channels than the number of antenna elements and switches
them among the antenna-pairs in a phased manner. Such switched op-
eration, however, results in a suboptimal performance, since, as shown
in this article, it reduces the tolerable phase-error margin (TPM), and
thus, produces more erroneous DOA estimates. To overcome this, we
propose a three-antenna BLI algorithm named as Cooperative BLI
(Co-BLI) triplet which provides more TPM while maintaining high
DOA estimation accuracy. This improvement comes at the cost of
slight increase in implementation resources. To increase the estimation
accuracy further, we next extend the proposed Co-BLI to the case
of more number of antennas. For this, we also propose a way to
reduce the number of antennas to form a higher order array and
derive the expressions for all inter-element distances. For real-time
operation, we develop a Mapping-based Cooperative Ambiguity Table
(M-CAT): a look-up-table based implementation scheme where we
show that by storing just a few combinations of the input ranges,
one can estimate any DOA within the given field-of-view accurately,
thus facilitating high throughput hardware implementation avoiding
complex computations. The proposed algorithm has been validated
through extensive MATLAB simulation studies and implemented in
FPGA based real-time hardware.
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[. INTRODUCTION

Direction of arrival (DOA) estimation for locating un-
known hostile radar installations is one of the major tasks
in electronic support (ES) applications [1], [2]. In gen-
eral, DOA estimation techniques use amplitude, phase,
frequency, or time of arrival of the intercepted radar sig-
nal to estimate the DOA. Out of these, phase-based DOA
estimators are popular due to their inherent immunity to
noise. Literature is replete with several such techniques like
base line interferometer (BLI), correlative interferometer
(CI), multiple signal classification (MUSIC), estimation
of signal parameters via rotational invariance technique
(ESPRIT) and their variants, etc [3], [4]. Of these, the
BLI plays a crucial role in ES applications due to its
computational simplicity, especially as modern ES receivers
have to operate under very limited response time (typically
of the order of few hundreds of nanoseconds). Research
has been going on for years to increase the accuracy of
DOA estimates in a BLI array while keeping probabil-
ity of ambiguity to a minimum. Goodwin [5] provided
optimum array-configurations for three and four-antenna
interferometers minimizing the probability of ambiguity. He
resolved phase ambiguity of the longer four-antenna array
using shorter three-antenna subarrays through an ambiguity
diagram. Sundaram et al. [6] proposed a modulo conversion
method in a coprime array. They considered consecutive
inter-element baselines and resolved phase ambiguity in
the longest of them using shorter inter-element spacings.
However, this results in suboptimal BLI array design as
end-to-end element spacing is not considered for DOA
estimation. Lee et al. [7] modified Jacob’s phase space
method using axis-transform technique and found an array
spacing that withstands maximum phase error occurring in
an interferometer direction finding (DF) system. However,
for the proposed phase sample-space diagram, a graphical
method is difficult to visualize and extend beyond more than
four antennas. In a separate work, Lee et al. [8] devised
a phase-difference diagram as a substitute to it. Recently,
Horng [9] proposed a four-element array-based phase in-
terferometer system and the phase ambiguity is resolved
between end-to-end elements using shorter three-element
subarrays based on Goodwin’s subarray cascade [5], for
which a computationally efficient sorted essential ambigu-
ity table was proposed in place of the ambiguity diagrams
of [5].

Another challenge in the context of ES is reduction of
size, weight, and power (SWaP). This SWaP requirement is
obvious for the airborne platform, where additional size and
weight come as penalty in fuel consumption. The ground
and naval-based systems also demand the same so that
height of the receiver can be increased resulting in enhanced
line-of-sight (LOS) distance with the radar transmitter and
thereby, providing greater reconnaissance coverage. The
DF algorithms, as mentioned in [5], [6], [7], [8], and [9],
use the same number of receiver-channels as that of the
antennas and hence, do not cover any SWaP-aware aspect.
Few researchers [10], [11] have reported switched-element
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DF, where SWaP is optimized by reducing the number
of receiver channels keeping number of antennas same.
However, they have considered beamformer based and not
BLI-based DF algorithms, where the former is known to
require considerable amount of processing time. In [12],
the usage of a switch in a four-element interferometer array
with four channels reduces one hardware channel resulting
into three channels. However, the proposed scheme can-
not be generalized to reduce to dual channel or handle
more than three channels. Moreover, it shows improve-
ments in DF accuracy using correlation method, a search-
based DOA estimation scheme that has more response time
than BLI.

In this article, we consider the BLI algorithm from the
standpoint of SWaP optimized ES receivers equipped with
reduced number of receiver-channels (say, dual-channel) in
switched-element (SE) configuration. For this, we start with
a linear, switched array of three antennas and first show that
the existing BLI techniques [3], [4], [5], [6]. [7], [8], [9],
[12] provide suboptimal performance in this case. This is
because while, for attaining highest DF estimation accuracy,
it is required to take the estimate from the longest baseline,
our analysis shows that the tolerable phase error margin
(TPM) in the longest baseline reduces as we move from
the nonswitched case to the switched case. To counter this,
we next propose a collaborative approach where a certain
parameter solved from the phase ambiguity equations of
the shorter baselines is reused in the equations involving
the longest baseline. We show that in a such case, the TPM
in the longest baseline does not drop but remains at the same
level as in the nonswitched case, and thus, the probability of
ambiguity also remains at the minimum. We term the array
as the cooperative BLI (Co-BLI) triplet. We next generalize
this approach to the case of more number of antennas to
achieve higher DOA estimation accuracy while maintaining
the same field-of-view and TPM. For this, we also propose
a way to reduce the number of antennas while forming
a higher order array and derive the expressions for all
inter-element distances. For real-time operation, we develop
a mapping-based cooperative ambiguity table (M-CAT):
a look-up-table based implementation scheme where we
show that by storing a few combinations of the input ranges,
one can estimate any DOA within the given field-of-view
accurately, thus facilitating high throughput hardware im-
plementation avoiding complex computations. The claimed
advantages of the proposed scheme are validated by ex-
tensive MATLAB-based simulation studies. The Co-BLI
logic is also coded in very high speed integrated circuit
hardware decriptive language (VHDL) and implemented
in field-programmable-gate-array (FPGA) based realtime
hardware. The prototype hardware is tested and validated
in a radiation-mode environment inside a laboratory.

[I. BACKGROUND

BLI arrays use pairs of directional antennas to form
baselines. To start with, we consider an array having only
two antennas. The true phase difference, say, A%? across

a baseline distance d;; between the antennas (say, i and j)
for a certain DOA 6 at a wavelength A is expressed as

2
T .
Alﬁij =— d;j sinf. (D)
Taking into account DOA estimate error Af caused by
phase error ey, in measuring Ay, we get Ay, + eny, =
27” d;j sin(0 + A6). For a small A6, this leads to

AO~ Comt )
27 d;j cosf

The baseline distance d;; is selected such that Awic confines
its value from O to 27 for a certain predefined range of 6
(say, from 0, to 6,), termed as total field-of-view (FOVy).
Clearly, at a given wavelength A, a smaller value of d;
yields wider FOV7. A low value of d;; for a given wide
FOV, termed as virtual baseline d., here, is not, however,
practically feasible due to two factors. First, wide-band an-
tennas usually have larger apertures, thus requiring certain
minimum distance of separation between them. Second,
since the baseline distance d;; and DF error A6 are inversely
related, as in (2), DF accuracy is poor when d;; is small.
Therefore, it is necessary to increase the baseline distance
d;; in order to accommodate practical wide-band antennas
and obtain the required high DF accuracy while maintaining
the same FOVr. Increasing d;;, however, results in AW,’?
exceeding its range [0, 27 ], thereby leading to ambiguity in
phase measurement as the measured phase difference, say,
At is always limited to [0, 277 ]. The relationship between
Ay;; and Al/f£ is easily seen to be given by

AYij = AV + eny, — 27K;; 3)

where eay,; is the measurement error associated with the
differential phase and K;; is a positive integer (to be deter-
mined) that restricts Av;; to the range [0, 2 ]. For deter-
mination of K;;, two antennas are, however, not enough and
one needs more than two antennas forming a BLI array. A
three-element BLI array is shown in Fig. 1. Here, we con-
sider any two of the three possible baselines, with baseline
distances d, = adys, and dg = Bd., for some integers o, B
that are coprime and 0 < o < 8. To simplify the notation,
we replace “ij” in the suffix of all the variables appearing
in (3) by either « or B, to obtain the following equations for
« : B ratio-ed BLI:

Ay = AV + eny, — 21Ky,
Avyp = AYf + eny, — 27Kp,

(4a)
(4b)

where K, and Kz assume values from 0 to o — 1 and 0
to B — 1, respectively, as from (1) and from the definition
of dys, the ranges of Ayl and AwﬂT are now [0, 2]
and [0, 2rr B8], respectively. In the following, we introduce
certain BLI-related terminologies along the lines of [3], [4],
[5], and [9] which are useful in the subsequent treatment.
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Fig. 1. Block diagram of fixed or nonswitched three-element BLI array.

A. Array Phase Integer I, g and Ambiguity Resolving
Number R, 4

The array phase integer (API) [9] is defined as
Ia.ﬂ = OlKﬁ — ﬂKa. (5)

We also define a related term, ambiguity resolving number
(ARN), as

BAY, —alAyg
Rypg=—22% """ "F 6
w.p 5 (6)
Clearly, from (1), (4), (5), and (6),
Rup=1Iup+ ARyp (N
where AR, g = w The term Beay, — aeay, is

termed as fotal effective phase error eay, o.pinaa : Bratio-
ed BLI. From (7), it is easy to see that

1
Iog =NINT (R, p)  iff [ARy | < 3 (8)

where NINT(x) equals to the nearest integer to x. In practice,
we calculate R, g from practical phase measurement and
then, using (8) which is known as the BLI Characteristic
Equation, we compute I, g from R, g. Equation (5) is a
linear diophantine equation [13], [14] which is then solved
by finding out an integer solution Kg so that «Kg — I, g is
divisible by B and then taking the quotient as K,,. According
to the theory of linear diophantine equations [13], [14], as
the greatest common divisor (GCD) of («, B) equals unity,
solutions to (5) exist and are given by a unique sequence
of the form: K, = k, + ot and Kg = kg & Bt, where ¢ is
an integer and (k,, kg) are any particular solution for the
given I, g. In other words, in every range of size «, there
exists exactly one solution of K, and similarly, in every
range of size B, there exists exactly one solution of Kp.
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Recalling that K, and Kj restrict their values fromOto o — 1
and 0 to 8 — 1, respectively, for a given span of FOV7, by
restricting the solution for K, to the range from O to o — 1,
one automatically obtains the solution for Kp in the range
from O to B — 1. Substituting the solutions in (4a) and (4b),
ambiguity in A, and Ay is then resolved.

B. Tolerable Phase Error Margin and Probability of Am-

biguity

The TPM is a bound on phase measurement errors
at individual antennas which guarantee zero ambiguity in
differential phase measurements. From |AR, g| < 1/2 in
(8) and the definition of AR, g, we note that a necessary
and sufficient condition for zero ambiguity in differential
phase measurements is given by

B eay, —a-eay,| <. )

In case of fixed three-element BLI configurations with
inter-element ratio m : n, the total effective phase error is
same for all three configurations, i.e., mid-phase (MP) with
m : n ratio-ed BLI, end-phase left (EPL) with m : m +n
ratio-ed BLI, and end-phase right (EPR) with n:m +n
ratio-ed BLI, as shown in [5] and [9]. Denoting by ey, the
phase measurement error at the ith antenna (meaning, the
differential phase error between the ith and jth antennas is
given by ey, — e,,,j), (9) in this case turns out to be [5], [9]

n-ey, —(m+n)-ey, +m-ey| <m. (10)

We assume the same TPM, say, ey, for each of
€yys €y Cyss Le., —Cyp < s Gy Cyy < TCY To ob-
tain a sufficient condition on ey, for the satisfaction
of (10), we consider the worst-case scenario: ey, = ey, =
€y s €y, = —€y 1py- From (10), one then obtains the
: . o S
sufﬁcwn.t condition, ey 1, = 5555 Cons1d§r1ng the worst
case again, the TPM eny . for the differential phase error
is then given by twice ey ., ..,

T
= an

FE m+n

CAY 1oy

Here, suffix FE is used to indicate fixed-element BLI.

To derive the probability of ambiguity expression similar
to [5] and [9], we assume that eay, 4. follows the Gaus-
sian distribution with zero mean and standard deviation
o7 a5, Where G]%,a:ﬂ = E[(Beay, — aeay,)’]. The differen-
tial phase errors ey, and ey, are assumed to have the same
variances, given by o2, . Defining the correlation coefficient
E [eAwaz-eAw]

Pocp = , we can then write o7 ., = o [a® +

B2 — 204 pa 1. From (9), the probability of correct ambigu-
ity resolution P” is given by the probability of ey, «:p NOt
2
_ “Ayp e

2
e 2°T.u:ﬂ d€A¢T,a:ﬁ°

. . T
exceeding +7, i.e., PT = m;(’ Jis
T.a:8

Equivalently, the probability of ambiguity P is given by

T
PT =1—-P" =erfc
¢ ¢ (ﬁUBL\/Olz + B% — Zpa:ﬂaﬂ)
(12)
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Fig. 2. Block diagram of a dual channel switched three-element BLI
array.

where suffix 7 in PJ or P7 denotes that the boundary limit
of eay, a:p to avoid gross error in DOA caused by ambiguity
is +.

In a BLI configuration, as every pair of channels
(say, ith and jth) are physically separated, we can as-
sume their respective channel phase errors ey, (f) and
ey, (t) at time ¢ to be mutually uncorrelated, also hav-
ing same variances o2, i.e., E[ey, (t)ey, (t)] = 0%5; ;. From
o5 = El(ey,(t) — ey, ())*], it then follows that o? =
GTI%L. For EPL array, the correlation coefficient p,,.+, =

Eleayn (Deay, 1, 0] _ Elley, ()=eq (0))ey, (1)=eyy )]

OBL.mOBL,m+n

Eley, (t)ey, (t)] 2 ..
% =% = 1. In a similar manner, for MP and
BL B

L
EPR arrays, o, = —% and p,pan = %, respectively. Thus,
irrespective of BLI ratio being m : m +n, m : n or n:m +
n, the total phase error variance remains the same, i.e.,
072",n1:m+11 = 072",1n:11 = 072",n:m+n Wthh iS given by 0—1_‘%L(’”2 +
n* + mn). Using this in (12), the probability of ambiguity
for fixed-element BLI configuration [5] is then obtained as

or . =
OBLmOBL.m+n Prmim+n

T —_—
Pa,FE -

b1
erfc . 13)
(ﬁUBLVm2+n2+mn> (

1. PROPOSED BLI ALGORITHM
A.  SWaP Optimized ES onfiguration

In place of fixed-element receiver, we consider here
a dual-channel switched receiver as a solution to SWaP
optimized ES receiver configuration. The switched receiver
is shown in Fig. 2, where switching takes place between a
pair of antennas forming various baselines. The differential
phase measurement errors amongst the pair of baselines
may not be correlated now as differential phases from base-
lines are sampled at different time instants (¢, ¢'). Similar
situations also arise in applications [15] where the base-
lines are formed using all different antennas due to space
constraints.

In case of a switched three-element MP array for m :
n ratio-ed BLL eay i =1 - €ay,, () —m - eay, (') =n-
(ey, (t) — ey, (t)) —m - (ey, (') — ey, (t')). Using the simi-
lar logic, as used in Section II-B, a sufficient condition
to ensure |eay m:n| < 7 is obtained by considering the
worst-case scenario: ey, (1) = ey, (t') = +ey . €y, (1) =
ey, (") = —ey . For the differential phase error, this leads
to

g
eAl//'TPM m:n,SE - m+n ’ (14)

Similarly, for EPL- and EPR-array

b4
= 15
eA‘//'TPM m:m+n,SE 2m+n ( a)
g

and’ eA]l/'TPM n:m+n,SE - m+2n ' (ISb)

respectively (the suffix SE is used to indicate switched-
element BLI). Now, we will derive probability of ambiguity
expression for dual channel switched-configuration. Unlike
the fixed-element case, in the case of switched-element case
Eley.mey,w)] # o2 and equals to zero if sampling instant 7
and ¢’ are well separated. Hence, pymin = Pmn = Promin =
0, and thus, from above

T s = L
Pa.m:n,SE = erfe (ﬁO'BL\/m> s (163)

P . T
Pa,n1:m+n.SE = erfc <\/§UBL\/m) ’ (16b)

b
Py sy = erfc . (16¢c)
s <\/§UBL n2+(m+n)2>

We observe from above that P, .« <Pr . . o <
P minse because 0 < m < n. Thus, the m:n array has
minimum probability of ambiguity though it does not of-
fer minimum DOA estimate error, whereas m : m + n or
n:m + narray provides minimum DOA estimation error but
has probability of ambiguity higher than the m : n array. This
has given a motivation to develop a new approach toward the
design of a three-element BLI array which retains the min-
imum probability of ambiguity of the m:n configuration,
while achieving the maximum DOA accuracy, as obtained
inthe m : m 4+ n or n:m + n array.

B. Cooperative BLI (Co-BLI) Triplet

THEOREM 1: In a three-antenna, switched BLI array with
inter-element spacings md,y and nd,s, m and n being
coprime and 0 < m < n, if ARNs of (m:n) and (n:m + n)
ratio-ed BLI are jointly observed, it is possible to resolve the
phase ambiguity in the longest baseline (m + n)d,y while
achieving TPM at least equal to mLHt (i.e., maximum obtain-
able individually by the (m:n), (m : m 4+ n)and (n:m + n)
ratio-ed BLI).

PROOF: Consider the switched-element case, as shown in
Fig. 2. The three measured differential phases are ob-
tained in three different time-instants. For simplification
of notation, we denote A ,(t) as Av,,, Avys(f) as
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Ay, and AYrs3(t3) as Avy,.,. First assume that for the
m:n array, the sufficient condition that the differential
phase error lies within :i:# is satisfied, meaning, from
(14), 1, , and thereby, K,, and K|, are available correctly.
Next, for the n:m + n ratio, from (7) and (5), we can
write, Rym+n = (Kpyin — (m+n)K,) + AR, jun, Where
ARy i = w Since the value of K,, is cor-
rectly known, this can be rewritten as

Rn,m-‘rn + (m + n)Kn
n

ARn,m-kn

= Bm+n

Following the lines of (8) and (9), we can then write,

n

Rn m-+n Kn
Km+n = NINT ( dia + (m + n) )

iff |ARn,m+n| < g, ie., <nrw. (17

Simplifying, we obtain a new tolerable limit for the
differential- phase error as ;7= which is easily seen to be
higher than m— for n > 2. Slnce 0 < m < n, we always
haven > 2, meaning 25— > F for all values of m and n.
Since the antennas are common for both the (m:n) and
(n:m + n) ratio-ed BLIs, a sufficient condition (though not
necessary) for resolution of phase ambiguity in the longest
baseline (m + n)dvsb is obtained by taking the lower of the

two figures, —= P W which is —“—. Hence proved. W

Observations:

1) Similar logic as above, when applied to the co-
operative pair (m:n, m:m + n), results in a TPM

usb- It 18,

however seen that 5 i H for m > 2, i.e., not
for all values of m, n. Hence, we will consider
(m:n,n:m+ n) to be the default cooperative pair
(unless otherwise stated) and shall denote it simply
by (m:n:m + n).

2) The overall probability of ambiguity for SE co-
operative pair (m:n,n:m+n) is P*:""

a,m:n,n:m+n, SE —
l - P (|6Aw'lln:ux+n < 77:).

< nw m ieA‘//T,m:n

COROLLARY: In case of SE configuration, the probability
of ambiguity of the Co-BLI algorithm is almost at par with
the normal m:n BLI algorithm at high SNR (e.g., 10 dB or
above).

PROOF: Under high SNR, the event }eA‘,,T_mmM < nm,under
the condition \eM,,,m < 7 has a probability almost one,
and thus, the joint probability P (|eay,,,..

|eA1/fr.m;n} <7[) ~ P(}em/frm,} <JT). As a
7T, NI
a,m:n:m+n,SE high SNR ~

The basic Co-BLI algorithm discussed above, is based
on a three-antenna array, thus the name “triplet.” Next,
we will extend to a four-antenna array and then general-
ize to (p + 2)-antenna array to achieve further more DF
accuracy. ]

< nm N

result,

7
a,m:n,SE*
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C. Extension of Co-BLI Triplet for Four or More Antenna
BLI Array

Since longer the baseline distances, more accurate are
the DF estimates, as discussed in Section II, we use a
positive integer factor § to have increased inter-element
spacings as md.dyg, and né.dyg, maintaining the m:n ratio
in the three-antenna BLI array. Here, similar to (4), we can
write

— Zﬂng,
- 27[1(1181

(18a)
(18b)

AWmB = Awrz;s + eA‘//m&
AYns = A"!/Za + eay,s

where K,,; and K,s assume positive integer values from
0 to mé — 1 and O to né — 1, respectively, as from (1)
and from the definition of d,g,, the ranges of AW,Z‘; and
AW,Z:; are now [0, 2rmd] and [0, 2w nd], respectively. We
first divide the range 0 to m§ — 1 of K5 into § sub-blocks
of length m each, with the /th sub-blocks, 0 < <§ — 1,
given by indices from Im to Im + m — 1. Then, any K;s
in the above range can be expressed as K5 = K,i + mKs,
where 0 < K) <m—1and 0 <K; <8 —1 (i.e., K5 and
K,‘fl are the quotient and remainder, respectively, obtained
by division of K,,;s by m). Substituting in (18a) and recalling
that Ayl = 27” mddyg, sinf, we obtain, from (18a),

Sdvhsingd — AYus — eay,, + 27K?
A n 2Tm

Under high SNR condition, A5 — eay,, (= AV, —
2 K,,5) lies between zero and 2. From this and the fact
that 0 < Kri < m — 1, it follows that the first term on the
RHS of (19) is a fraction (< 1), meaning that Kj in (19)
is the integer part in the division of & dys,sinf by A. This
shows that Ky is independent of m, i.e., its value does not
change if m is replaced by n. Following similar arguments,
we can then express K, in (18b) as Km; = K + nKs, where

1+ K5, (19)

0 < K? < n— 1. Defining Al/lma = Ay — 2rmKs and
AYL = Ayl — 2nKs with respectlve ranges of [0, 2 m]
and [0, 2], we rewrite (18) as
AVs = AYLS + ey, — 27KD, (20a)
AVrs = AL + eny,, — 27K?. (20b)

Since nAwT — mAwms =0 (as K; is common between
Awma and Aw T5), we can follow steps similar to as has
been used to obtain (7) and (8) from (4), resulting in the dio-
phantine equation I,, , = mK? — nK? whose solution gives
us K2 and K?. By similar logic, we can extend this to the
Co-BLItriplet m:n:m + n for higher DF accuracy resulting
in K,‘fl 1 for the longestbaseline (m + n) - § - dysp. This array
is termed as the Co-BLI array—§. However, unlike earlier
in Section II, ambiguities in Av,,s and AYr,s (A pgns in
case of the Co-BLI) are still not totally resolved because the
value of Kj is not known yet.

In order to resolve the residual ambiguities in Ay s
by obtaining the K; value, we introduce another three-
antenna array (say, Co-BLI array—y), obtained by in-
creasing the inter-element spacings by a positive integer
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y which is coprime with § and also, 0 < § < y, giv-
ing rise to inter-element distances my .dys, and ny .dysp.
Now we apply m:n:m + n Co-BLI triplet taking inter-
element distance ratio m:n in Co-BLI array —§ and —y.
We resolve partial ambiguities, as discussed above, in
respective Co-BLI arrays corresponding to their longest
baselines (m + n) - § - dysp and (m + n) - y - dyg, by obtain-
ing values of K/, and K} _,. Once the values are ob-
tained, we compute A%mﬂ)g = AY(ninms + 27K}, and
AVminy = AVoniny +27K7. .. Till this, we call it the
first level of the Co-BLI ambiguity resolver, where phases
corresponding to the longest baseline in both the arrays are
partially resolved up to 2(m + n)7w. As before, the first-level
(Co-BLI) can achieve TPM as eay,,, 1., = m’fm. Now, in the
second level, we further resolve ambiguity corresponding
to the longest baseline in A4,y by determining the
value of K, as a solution of the following & : y ratio-ed
BLI equations:

AVnims = AV pims + €apins — 2T (m +n)Ks,  (21a)
AVminy = AV, + €apin,, — 2 (m +n)K,. (21b)

Equation (21) canbe solved and K,,, K; canbe obtained,
by first dividing both sides of (21a) and (21b) by (m + n)
and then applying the normal BLI technique similar to as
used in obtaining (7) and (8) from (4), i.e., by multiplying
both sides of (21a) by y and of (21b) by §, and subtracting
latter from the former. Proceeding along similar lines, it is
easy to see tl(lat the TPM in the second level is given by

7 (m+

AV = Ty") This implies that the phase ambiguity

in AYguyny, is resolved up to 2(m + n)ym provided the
phase error is within its TPM eay, ., and further, DOA
can be estimated without any ambiguities from the fully
resolved Av(,.4,, corresponding to the longest baseline
(m + n)y .d,s. However, as this assumes successful partial
ambiguity resolution in the first level, the overall TPM
cannotexceed eay,, 1o Therefore, to ensure that the overall

TPM can be taken as eay,, 1, = -2 we need to maintain

m+n

eA‘/le,TPM < eA‘/sz.TPM’ i.€., (8 + ]/) < (m + n)Z.

Antenna Selection: In general, five antennas (two sets
of three antennas with one common) are required for any
value of § and y . To optimize the same with the four-antenna
array, there should be one common inter-element spacing in
Co-BLI array-6 and array-y . For that, (8, y ) may be equated
to three possible sets of values as follows.

(A) § = m, y = n, resulting in two arrays, m~:mn and
mn :n? from which the segment mn can be taken as common,
giving rise to the four-element array m?: mn: n>.

(B) 6 = m, y = m + n, resulting in two arrays, m?:mn
and m(m + n):n(m + n), out of which we take the segment
m(m + n) common (for the §-array, it is the longest inter-
element segment), resulting in the four-element array m?:
mn:n(m —+ n).

(C) § =n, y = m+ n, resulting in the four-element
array mn:n”:m(m + n) or equivalently, n’> : mn:m(m + n)
by similar reasoning. This is illustrated in Fig. 3.

2

Normal BLI
Level-2

nim+n] ) }

. : Co-BLI
nim+n|) & } Level1b
. Co-BLI
n4m+n() nim ]» LovelAa

Al

Array Length :
(m + ")z d,, -

! ndé

Co-BLI array—6 Co-BLI array-y

Fig. 3. Formation of four-element second-order Co-BLI array for
y : 6 = m+ n:n. Same can be drawn for y : § = m + n:m in a similar
way.

It is easy to check that all the above choices of §, y
satisfy the following: (i) § < y, (i) § + ¥ < (m + n)?, and
(iii) 8, y are coprime. Of these, the choice under (A)
above is suboptimal since it considers n(n + m).dyg, and
not the end-to-end element spacing (n® + mn 4+ m?*).dyg,
as the longest baseline in the four-antenna array. Hence,
m?:mn:n(m + n) and n”>:nm:m(n + m) are treated as the
four-antenna Co-BLI array with end-to-end element spac-
ing (m + n)?d,s,, thus implying it is a second-order Co-BLIL.
The condition§ + y < (m + n)%, however, puts a constraint
on the maximum values that can be chosen for §, y, and
thus, constrains the maximum accuracy achievable in the
DOA. To overcome this problem, we extend the four-
antenna BLI to a five-antenna-based one and further using
the same philosophy as was used to extend the three-antenna
to the four-antenna BLI and is discussed as follows.

Further Extensions: To extend the accuracy further, we
increase the inter-element spacing of an mé§ : né array by an
integer, say, i, meaning, like (18a) and (18b), we will have,
(1) Awmﬁu = AW,Z;,SM + eAx//mg,, - 27[Km8;u and (11) Ameu =
Aw,ﬂu + Ay, — 27 Ky, Where 0 < As,, Avgs, <
2r, 0 < AwnTum <2mmép, 0 < Aw,ﬁﬂ <2mnép, 0<
Kinsy <mdép —1,and 0 < K5, < nép — 1. For Kyy,5,,, we
divide the range 0 — (méu — 1) in u blocks of length §m
each and then each such block is divided into § sub-blocks
of length m each, whereby K, is expressed as K5, =
KX+ m(K}' + 8K,,), where,0 < K <m — 1,0 <K} <
6 —1and 0 < K, < pu — 1. Substituting in (i), it is seen
that K{' + 8K, is the integer part in the division M
and is thus independent of m. Similarly, we define K5, =
K> + n(K}' + 8K,,), where 0 < K?* < n — 1. Then, fol-
lowing identical steps as used earlier (i.e., level-1), we first
solve for K% and K** followed by K>/* , (i.e., extending it to
m:n:m + n Co-BLI triplet). Then, using another my : ny
array, we determine K;' and K (i.e., level-2), which leaves
K, as the only unknown left out. To solve for it, we deploy
another four-antenna array by replacing by v which are
mutually coprime (i« < v) and carry out the same steps,
resulting in a single unknown term K,,. The two terms K|,
and K, from the two arrays are then solved and the ambiguity
is fully resolved. The last step constitutes level-3.
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Using same steps as used earlier, it is easy to check that
the TPM for level-3 will be e AV = W, and to en-
sure that ey, , 1. < €Ay, 1y SO that overall TPM remains
€y, py» We need to have (u +v) < (m + n)?y. Also, the
level-3 will resolve ambiguity upto 27 (m + n)y v. To state
the general result which follows easily from above, we now
make a slight change in the notations. We, respectively,
denote § and y by §; and y;, n and v by §;, and y,, and in gen-
eral, denote by §, and y, (8, < ¥}, §, and y, are coprime)
the constants used to multiply the inter-element spacings
of the existing array at the (p + 1)th level (p > 1). Then,
from above, the following general results can be stated: for
level-1, the maximum resolvable ambiguity is 27 (m + n),
and for any (p 4+ Dthlevel, p > 1,itis 2z (m+n) [V, yi.
Further, such ambiguity resolution will require satisfac-
tion of the following inequalities: (§; + Y1) < (m + n)?* for
level-2 and (§; + y;) < (m+n)2]_[] Vi i =2,3,..., D,
for level (p + 1).

As in the case of level-2, for level-3 also, the number of
antenna elements can be optimized provided we take &; =
8, (=morn) and y; = y» (=m+n). For § =6, =m,
starting from the four-element array m?:mn:n(m + n), we
have the two arrays: m*:m*n:(m + n)mn and m?>(m + n):
(m + n)mn: (m + n)’n, out of which we take the two seg-
ments m>:m? (= m*(m + n)) and (m + n)mn as common,
resulting in the five-element array m>:m’n:(m + n)mn :
(m + n)*n. In a similar manner, for §; = §, = nand starting
from n®: mn:m(m + n), we will have n® :n*> m: (m + n)mn:
(m + n)> m. From this, it is possible to state the following
general result: for the pth level (p > 1), the array will have
(p + 2) antennas or, equivalently, (p + 1) inter-antenna seg-
ments, where the ith segment (normalized to dyg) 7;, § =

0,1,..., p between the antennas A;;; and A;;, is given
as
P i =0
=1 o (22a)
n’"'mm4+n)—", i=12,...,p
P, -0
or, {" L (22b)
mP ' n(n+m)~—, i=1,2,...,p
In the above, (22a) corresponds to §; = n, y; = (m + n)

and (22b) corresponds to §; = m, y; = (m + n). This type
of array can be termed as the pth-order BLI array due
to fact that the total distance between end-to-end element
is (m + n)P.d,wp. The consecutive inter-element spacings
in (22b) are in increasing order with least value m?”.dg,
as m < n which is usually much less than the minimum
inter-element spacing in (22a). Sometimes due to large
aperture size, antennas covering wide-band (say, 2—18 GHz)
do not fit in the least inter-element spacing m”.d,g,. Due to
this, the Co-BLI array in (22a) may be more appropriate
for use in practice. In either case, the m:n:m + n Co-BLI
can be applied for p number of antenna-triplets between
baselines, containing (A; — Ay — Az), (A] — Az — Ay),...,
A1 —Ai-1 —ApD,..., (A1 —App1 — Apyo) in the first level,
as shown in Fig. 4. Then, normal BLI is applied to (p — 1)
number of m:m + n or n:n + m ratio-ed antenna arrays in
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Fig. 4. Generalized pth-order Co-BLI array having (p + 2)-antennas
with p-level processing fory : § =m+n : n.
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6, scan angle 8,
Fig.5. 2m—cycle (1: full and F: fraction) flow for K, and K,, inm:n

ratio-ed BLI.

the second level, (p — 2) antenna arrays in the third level,
and so on and so forth, finally to one m:m +norn:n+m
ratio-ed antenna array ratio, at the pth level.

[V. IMPLEMENTATION ISSUES

In a practical implementation of the proposed scheme,
the primary computational task is to solve the linear dio-
phantine (5) for various values of m and n depending on
the level of the Co-BLI ambiguity resolver. While 0 <
K, <m—1and 0 < K, <n— 1, it may be noted that all
the mn combinations of K, and K, do not, however, arise
in practice, since, in both Ay and Ay!, the angle 0 is
. A:’;: = ;). To explain it in detail, assume
that both K, and K, start at zero values at an angle 6 = 6,
and over a period 8 -to-6, + Ay, K, remains zero (i.e., A
does not cross 27r). Also, for ease of explanation, we may
assume Ay to be small, and thus, sin Ay & Agy. Then, for
every increase of 6 by 7+ Ay, the value of K, increases by one
while K, remains constant at zero and this goes on till an
angle 6 = [--] = Ay is covered beyond which K, increases
by one while K,, makes a transition from zero to one and
this process again goes on. This is shown in Fig. 5. The
above defines the permissible values of K, and K, and for
each pair, the corresponding /,, , can be precomputed and
stored. Since only a fraction of the total mn combinations
come into play, storage space requirement is very much
manageable. Note that as per this, given Ry, ,,, one has to first
compute /,, , using (8) and then, from /,, ,, identify K,,,, K,

common (in fact
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TABLE 1

Mapping-Based Co-Operative Ambiguity Table (M-CAT) for

2:3:5Co-BLI
[ Ranges of R35 [ Ranges of Ra3 [ Ks ]

—2E15( 356 05) | 12£05 (115t 12.5) | +1
115 (250 10.5) | +1£0.5 (105t +1.5) | +3
0E15(—15t +15) | 0£05 (—05 1t +05) | 0

TIE15( 05w 125) | —1£05 (150 —05) | 12
+1+1.5 (—0.5to +2.5) +2+0.5 (+1.5 to +2.5) +2
+2+1.5 (+0.5 to +3.5) +14+0.5 (+0.5 to +1.5) +4
+3+1.5 (+1.5 to +4.5) 0+0.5 (—0.5 to +0.5) +1
TIET5 (12510 155) | —1£05 (150 —0.5) | +3

from the look-up-table. The computation of 7, , can be
further avoided by noting from (7) that under the condition
|AR,, | < 1/2, range of R, , is given by I, , = 1/2 and
one thus can store the applicable ranges of R,,, , as given by
valid 1, , values, rather than I,, , itself. For a given R,,, ,,, the
look-up-table will then directly give K, and K,,.

This approach can now be extended to the Co-BLI
as follows: first, like above, for every slot of the angle
over which K, remains fixed, K,,1, increases in steps of
one which provide us valid values of K,,, K,,.,, and thus,
of Iymin = nKyin — (m + n)K,. Recalling from Section
III-B  that Rymin = MKy — (m +n)Ky,) + ARy oy =
Lnmin + ARy i, if, like in BLI, we assume |AR) 10| <
1/2, then, since for any pair of values, say, r and [ of the API
Ly min, the ranges r == 1/2 and [ £ 1/2 do not overlap, each
measured Ry, -+, points to a I, ,,4,, 01, equivalently to a pair
K+n, K, uniquely. However, as stated earlier, in Co-BLI,
we take | AR, 40| < n/2. Clearly, there exist several values
of I, ;u+n in this case for which the ranges 1, .+, + n/2 will
overlap. However, as seen from (17), if the knowledge of
K, is available, then, even under |AR, j,+,| < n/2, one can
obtain K., (and thus, I, ,,) uniquely. In other words,
while the ranges I, .+, + n/2 overlap for several values of
I m+n, €ach such overlapping region will have a distinct K,
and the measured R), .+, together with K, will point to the
correct [, 4, (01, equivalently, correct K,,4,,). Since, as seen
earlier, K, has a one-to-one correspondence with R,, ,, the
above amounts to storing ranges of R, ;1 (i.€., Iy myn £ %)
against ranges of applicable R,,, , (i.e., Iy, &= 1/2) and cor-
responding K, ,. The table where all such ranges of R, -+,
R0, and K, are stored is termed here as mapping-based
cooperative ambiguity table (M-CAT). For the sake of an
example, we show the M-CAT table for a Co-BLI ratio
2:3:5 in Table I, formed by computing and storing all
applicable ranges.

V. SIMULATION AND FPGA BASED HARDWARE IM-
PLEMENTATION

The performance of the Co-BLI triplet is validated and
compared with normal BLI through MATLAB simulation.
We simulate a three-element Co-BLI array (m:n:m + n)
and compare its performance with MP (m:n), EPL (m:
m + n), and EPR (n:m + n) for an overall array length of
(m + n) normalized to d,g,. Of the various combinations of
m:n ratio possible for a constant m + n, we choose the one
that has m/n ratio close to 1 so that the total array length
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Fig. 6. Performance comparison of three-element Co-BLI with EPL,
EPR, and MP BLI arrays: probability of ambiguity P,(%) versus total
array length (norm to dygp,). [legend: -Theor: theoretical; -Sim:
simulation].

is divided almost equally to accommodate large aperture
antenna elements. For example, in case of total array length
m+n =7, possible m:n ratios are 1:6, 2:5, and 3:4;
however, 3:4 is considered here as it can fit antenna having
maximum diameter of 3dyg,. Following (1), we choose
dys, = 32 mm to have minimum FOV of 100° (£50°) at its
highest frequency of operation in a 2-6 GHz Co-BLlI array.
Without loss of generality, the operating frequency is set
to 6 GHz for simulation. We add zero-mean additive white
Gaussian phase error having standard deviation (op; ) of 18°
to the true differential phases at different time instants. This
is equivalent to a 10 dB SNR condition [3]. Also, initially
we take the total array length m + n = 3 (norm. to d,p), 1.€.,
96 mm with minimum inter-element spacing as 32 mm. We
apply Co-BLI and calculate DOA error at each angle at a
step of 0.1° for a span from —45° to +45° keeping a margin
of 5° on either side of the FOV 7. If any angle is having gross
DOA estimation error, it is termed as an ambiguous point.
We find out the probability of ambiguity P, in each run
spanning FOVt by calculating the number of ambiguous
points normalized to total number of points. Overall P, for
aparticular array length (m + n) is then taken as the average
of 400 such independent runs. The same experiment is then
repeated for increasing values of (m + n), from 4 to 25
to see how P, changes with increase in the array length
and the corresponding results are plotted in Fig. 6, both for
the proposed Co-BLI and various BLI configurations like
EPL, EPR, and MP, which clearly shows that the proposed
Co-BLI has the least P, at any array length, matching that of
the MP array. The Co-BLI array, however, provides better
DOA accuracy than the MP array as the latter does not
utilize the total array length for DOA estimation. In the
same figure, we also plot the theoretical values of P,, as
given by the expressions derived in the Section III. It shows
that the simulation results are in good agreement with the
theoretical ones. Next, we keep the total array length m + n
fixed at 5 and plot P, against increasing opy, (or equivalently,
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Fig. 7. Performance comparison of three-element Co-BLI with EPL,
EPR, and MP BLI arrays: probability of ambiguity P,(%) versus phase
error opr, and SNRp.[legend: -Theor: theoretical; -Sim: simulation].
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Fig. 8. Probability of ambiguity P,(%) of a four-element Co-BLI
versus total array length (norm to dyp).[legend: -Theor: theoretical;
-Sim: simulation].

decrease SNR). Fig. 7 shows the corresponding plots, for
the proposed Co-BLI as well as for the EPL, EPR, and MP
(BLI) arrays. Similar to above, the Co-BLI together with
the MP array again outperforms both EPL and EPR. Here
also, the simulation results show fairly good match with the
theoretical ones.

Lastly, we also simulate a four-element n*:mn:
m(m+n) Co-BLI array, having antenna elements
Ay, Ay, Az, and A4, with dygp, =87 mm to cover
broadband of 2—18 GHz. For this, we consider two different
SNR conditions, namely, 10 and 17 dB, and as before, for
each of them, plot P, vis-a-vis total array lengths through
both simulation and theoretical calculations, as shown in
Fig. 8. It is seen from Fig. 8 that as earlier, both simulation
and theoretical results are having a good match. We also
find that at SNR 10 dB, total normalized array length can
be up to 25 to maintain P, below 1%, while, for higher
SNR, say, 17 dB, it can be extended to even 100. Now,
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from Fig. 3, the n? :mn:m(m + n) array considered above,
has two n:m:m + n Co-BLI arrays, namely, A} — Ay — A3
and A; — A3 — A4 acting in parallel in level-1. Thus, the
probability of correct ambiguity resolution jointly at the
first level will be (1 — P, coBLi3 )2, where Py.coBLI:3 denotes
the probability of ambiguity in each of the two Co-BLI
triplets in level-1. It is easy to see that no ambiguity in
the Co-BLI triplets in level-1 implies zero ambiguity
in the subsequent normal BLI triplet A} — A3z — Ay
in level-2, since, from (17), the former requires
|(m +n)-e;3—n- 614{ < nm, while the latter requires
|(m +n)-e3—n- 614| < (m+n)m (here we use e;; to
denote the phase error between antennas A; and A ;). Clearly,
the latter is satisfied if the fomer holds true. Thus, the overall
probability of ambiguity of the n?:mn:m(m + n) array
is 1—(1- Pa,C()BLI:?))2 = 2P, coBLL3 — Paz,CoBLI:3 which
is greater than P, copLy:3 and is approximately 2P, copLi:3
for small P, coprr:3. This shows that under the same SNR
conditions, as we move from a three-antenna Co-BLI
array to a four-antenna Co-BLI array, the probability of
ambiguity increases (maximally by a factor 2). However,
the overall length of the array, and thus, the estimation
accuracy increase by a much larger factor of m + n. This
is validated in the above simulations (Figs. 6 and 8), where
under the same SNR of 10 dB, P, of 0.5% is attained by the
three-element array with length 5d,, while <1% is attained
by the four-element array of length as high as 25d.p.

We also coded the proposed 2 : 3 : 5 Co-BLI for three-
and four-element Co-BLI arrays in VHDL language for
Artix-7 series FPGA (Part No. XC7A200-11FFG -2). The
circuit implementing (6) to find out R,3 and R35 was made
free of multipliers (x2, x3, and x5) using “single con-
stant multiplication (SCM)” scheme [16]. The M-CAT table
was mapped to block read-only-memory (BROM) in the
FPGA and the design was made fully pipelined to reduce
critical-path. Synthesis, implementation and placing and
routing were carried out through Xilinx Vivado 2016.4
suite. The achievable max. clock frequency was found
to be 444.4 MHz, meaning minimum clock period 7; of
2.25 ns. However, to maintain a safe margin, the design
was run with a 250 MHz clock (7; = 4 ns). The performance
enhancement of the Co-BLI triplet is achieved at the cost
of approximately 50% extra FPGA resources, as shown
in Fig. 9, in comparison with normal BLI. The additional
resources needed are, however, insignificant (<1%)
compared to the overall available FPGA resources.
Fig. 10 shows antenna array configurations having inter-
element distances of 96 mm:64 mm in the 2-6 GHz
three-antenna array and 86.7mm:52mm:78 mm in the
2-18 GHz four-antenna array. Here, d.g, is taken as 32 mm
for the three-element array and 8.7 mm for the four-element
array to accommodate antennas having diameters 61.7 mm
(2—6 GHz) and 50 mm (2—18 GHz), respectively, as well as
to meet other design paramters.

We have evaluated the RMS DOA estimation error using
the above setup in a radiation-mode environment inside
a laboratory, created as per [17]. Here, the transmitter is
kept fixed and the receiver is kept on a movable positioner
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Hardware Results in Experimental Setup.
25¢

@ 3-ant Co-BLI-Prac (longest BL: 160 mm and dvsb: 32 mm)

3-ant Co-BLI-Sim, o =15’
m 4-ant Co-BLI-Prac (longest BL: 216.7 mm and dvsb: 8.7 mm)

4-ant Co-BLI-Sim, UEL=15

RMS DF error over + 40" FOV (deg)

0 i i i i i
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Frequency of operation (GHz)

Fig. 11. RMS DOA estimation error obtained experimentally from
three-antenna (2-6 GHz) and four-antenna (2—18 GHz) Co-BLI
hardware. [legend: -Prac: practical; -Sim: simulation].

at a distance of 13 m approximately. The radio frequency
of transmission having pulse width 800 ns with repetition
period of 1 ms is varied at the steps of 500 MHz from
2—-18 GHz. The RMS DOA estimation error observed ex-
perimentally over 2—6 GHz (three-element) and 2—18 GHz
(four-element) are plotted against frequency using dotted
sequence in Fig. 11, where we also plot MATLAB-based

simulation results on the variation of the RMS DOA esti-
mation error against frequency. Both are in good agreement
as can be easily seen from Fig. 11. For the latter, we have
taken op; & 15° to account for phase errors of all hardware
components (e.g., antenna, RF front end, etc).

VI. CONCLUSION

In this article, we have developed the Co-BLI triplet
for a three-element BLI array which provides optimal
performance for switched-element receiver or equivalent
configurations. We have also generalized and extended the
algorithm to work for four or more antenna BLI array
with enhanced aperture length for higher DOA accuracy. A
simple look-up-table based real-time implementation has
been presented for the same through the M-CAT table.
Finally, we have validated the proposed method through ex-
tensive MATLAB simulation results and also implemented
in real-time FPGA based hardware.
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