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Abstract—The generalized Orthogonal Matching Pursuit
(gOMP) is a recently proposed compressive sensing greedy
recovery algorithm which generalizes the OMP algorithm by
selecting N(> 1) atoms in each iteration. In this letter, we
demonstrate that the gOMP can successfully reconstruct a
K -sparse signal from a compressed measurement y = $x by
a maximum of K iterations if the sensing matrix ® satisfies
the Restricted Isometry Property (RIP) of order N K, with the

RIP constant 6 x satisfying dnx < \/_\/;/_ The proposed

bound is an improvement over the exnstmg bound on 6. We
also show that by increasing the RIP order just by one (i.e.,
NK + 1 from N K), it is possible to refine the bound further to

SNkt < \/_‘{‘__\/_, which is consistent (for N = 1) with the
near optimal bound on 6%, in OMP.

Index Terms—Compressive sensing, orthogonal matching pur-
suit, restricted isometry property, sensing matrix.

I. INTRODUCTION

HE generalized orthogonal matching pursuit (gOMP) [1]

is a generalization of the well known compressed sensing
[2], [3] greedy recovery algorithm called orthogonal matching
pursuit (OMP) [4]. Both the gOMP and the OMP algorithms
try to obtain the sparsest solution to an underdetermined set of
equations given as

y = ®x,

where ® is a m x n (m < n) real valued, sensing matrix and
7 is am X 1 real valued observation vector. It is assumed that
the sparsest solution to the above system is K -sparse, i.e., not
more than K (for some minimum K, K > () elements of x
are non-zero and also that the sparsest solution is unique, which
means that every 2K columns of ® are linearly independent [5].
Greedy approaches like the OMP, gOMP, and also the orthog-
onal least square (OLS) [6], the compressive sampling matching
pursuit (CoSaMP) [7], the subspace pursuit (SP) [8] etc recover
the K -sparse signal by iteratively constructing the support set of
the sparse signal (i.e., index of non-zero elements in the sparse
vector) by some greedy principles. Convergence of these itera-
tive procedures in finite number of steps requires the matrix ®
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to satisfy the so-called “Restricted Isometry Property (RIP)” [9]
of appropriate order as given below.

Definition 1: A matrix ®™ " (m < n) is said to satisfy the
RIP of order K if there exists a “Restricted Isometry Constant”
0x € (0,1) so that

(1= 8x)1x3 < [|1@x([5 < (1 + 6xc) x5 ()

for all K -sparse x. The constant éx is taken as the smallest
number from (0, 1) for which the RIP is satisfied.

It is easy to see that if @ satisfies RIP of order K, then it also
satisfies RIP for any order I. where I. < K and that 65 > 6.
Simple choice of a random matrix for ® can make it satisfy the
RIP condition with high probability [9].

Convergence of the above stated greedy algorithms is usu-
ally established by imposing certain upper bounds on the RIP
constant &5 as a sufficient condition In the case of gOMP,
such bound is given by éyx < m [1], where N is the
number of columns of ® (also called atoms) the algorithm se-
lects in each iteration. It is, however, observed that this bound
is overly restrictive as it is obtained by applying a series of in-
equalities that makes it progressively tighter. In this letter, by
following alternate algebraic manipulations, we improve this
boundto by < g . Further, we show that by increasing
the RIP order just by one (1 e., NK+1 from N K), it is possible
to refine! the bound further to Oy x 1 < Lﬂ The latter is
interestingly seen to be consistent (for N = 1) with the near op-
timal upper bound \ﬁ 1 of 6 x+1 in the OMP algorithm [10].

II. NOTATIONS AND A BRIEF REVIEW
OF THE gOMP ALGORITHM

A. Notations

For the sake of uniformity, we follow the same notations
as used in [1]. Let Z denote the index set {1,2,---,n} and
@,,1 € Z denote the i-th column of ®. The matrix ® 4 repre-
sents the sub-matrix of ® with columns indexed by the elements
present in set A C Z. Similarly x 4 represents the sub-vector of
x with elements chosen as per the indices given in A. By T', we
denote the true support set of x, meaning |T'| < K where |.|
denotes the cardinality of the set “.”, and by A*, we denote the
estimated support set after & iterations of the algorithm. The no-
tation 7' — A* indicates a set with elements belonging to 7" but
not contained in A*, i.e., 7 — A* = T'NA*. The pseudo inverse
of ® 4 is denoted by <I>4, ie., ‘I>T = (@, ®,) <I>A, where it

INote that as the upper bound of the RIP constant increases, one can choose
larger values for the RIP constant than possible earlier, which in turn permits
further compression of the number of measurements (i.e., 7 ) without disturbing
the high probability of satisfaction of the RIP by the sensing matrix ¢ [11].
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TABLE I
gOMP ALGORITHM

Input: measurement y€ R™, sensing matrix ®™ %™ sparsity
K, number of indices to be chosen per iteration N
Initialization: counter k=0, residue rO:y,
estimated support set A¥ =0
While k<K and [[rF[[2 > 0
Identification: h*+1=Set of indices corresponding to the N
largest entries in |®'r¥|. (NK < m)
Augment: AF+1 = AR U {pk+1}
Estimate: by 41 = argmin ||y — ®x112]]2

z

Update: v*+! =y — &, 1 11b kst

k=k+1
End While
Output: x = argmin ||y — ®ull2
u:supp(u)=A~*
Note : For the noise free case, if ® satisfies RIP as given

either in this paper or in [1], we will have x = x (i.e., the
true K-sparse solution).

is assumed that ® 4 has full column rank (|4| < ). The two
matrices, P4 = <I>A‘!I>11 and P+ = I — P4 denote two or-
thogonal projection operators which project a given vector or-
thogonally on the column space of ®4 and on its orthogonal
complement respectively. Similarly, A; = P7® is a matrix
with each column denoting the projection error vector related
to the orthogonal projection of the corresponding column of &
on the column space of ®; for some I C Z. Lastly, we use “¢”
in the superscript to denote matrix/vector transposition and by
“span. )” we denote the subspace spanned by the columns of
the matrix “.”
For convenience of presentation, we also follow the following
. .1 (1) D1 T1_ . ..
convention: we use the notation = or = or = or = to indicate
that the equality “=" follows from Lemma 1/Equation (1)/Def-
inition 1/Theorem 1 respectively (same for inequalities).

B. A Brief Review of the gOMP Algorithm

The gOMP algorithm is listed in Table I. At the k-th iteration
(k =0,1,---, K — 1), it evaluates the correlations between
an available residual r* and the atoms of ®, and picks up the
N largest correlated atoms. The corresponding indices are ap-
pended to an estimated support set A¥ to yield A1 (A = ()
and the residual is updated as the orthogonal projection error
rkt1 = P+,,,y (which implies that at any k-th step of itera-
tion, r**1 is orthogonal to each column of @ ,«+1). It is shown

in [1] that under the sufficient condition é x5 < \/—\J/f TN the

algorithm converges in a maximum of K steps, meaning, under
noise free condition, r**! becomes zero for some EF<K-1.
The K -sparse solution is then obtained as @), ,y. Note that
the gOMP algorithm boils down to the OMP algorithm [4] for
N =1.

III. PROPOSED IMPROVED BOUNDS

In gOMP algorithm, convergence in a maximum of K steps
is established by ensuring that in each iteration, at least one of
the N new atoms chosen belongs to &, i.e., it has an index be-
longing to the true support set T'. Let 3t k = 0,1, , K —1
denote the largest (in magnitude) correlation between r* and
the atoms of ®; at the k-th step of iteration, i.e., /3k+1 =
maz{|¢ir*| i € T,k = 0,1,---,K — 1}. Also let the N
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largest (in magnitude) correlations between r* and the atoms of
k41

® not belonging to ®7 be givenby o/ 7", ¢ =1,2,--- . N, ar-
ranged in descending order as a“’l > o/;“ > aiﬂ. Itis
shown in [1] that
‘ bnk |Ixp—_axll
E+1 NK 7-A*lo
on o < - 2
N 1-6nk VN )
and
g+ 1 — 36Nk |Xp_at ||27 3)

1-6nx VK =1

where { = [T N A*|. A sufficient condition to ensure conver-
gence in a maximum of K steps is then obtained by setting the
RHS of (3) greater than that of (2).

In this paper, we first retain the upper bound of « k\'H as given
in (2), while the lower bound of 3**! given in (3) is refined
which eventually results in a lesser restrictive upper bound on
dnx as shown in Theorem 1. Subsequently, we refine both the
upper bound of o5 and the lower bound of 5**1, which leads
to an improved upper bound on é 5 41 as shown in Theorem 2.
The derivation uses the following Lemma, which is an extension
of the Lemma 3.2 of [11].

Lemma 1: Givenu € R", I, I, C Z where Is = supp(u)
and Il n IQ = Q),

011 )+ Iz
(1= 72 < gl < (11l
= Oy |+

Proof: Given in Appendix A. (]
Additionally, we use certain properties of the RIP constant,
given by Lemma 1 in [7], [8] which are reproduced below.

Lemma 2: For any two integers K1, K> with K7 < K, and,
forl,J C ZwithIinJ=10,q¢cR! peRYI,
(a) dx, < b6k, VK1 < Ko (monotonicity)
R ¢ .
®) (1= 8pllalle < [95@ral, < (1+dn)lals
(¢) (®rq.®;p) < 811417/llpll2llall2 With equality holding
if either of p and q is zero. Also, | ®;®,plz <
811+).7)/lp||2 with equality holding if p is zero.

Theorem 1: The gOMP algorithm can recover x exactly
when @ satisfies RIP of order N K with

VN
SVE+2/N

Proof: First note that B = || @, kB =
0,1,---,K — 1 and that k= Pﬁy is orthogonal to each
column of ®, », which also means that PL \A y=P;

P (@7 avXp ae+®rrneXpane) = Pr®r aexr i It
is then possible to write,

ONK

pL
P, ®rxr =

TN

1 : , ,
> \/ﬁ ||‘I>}_Ar\-rk||2 (as |T — Ak| = K — l)

1
_ M: ||<I>tT,,\kPkkY||2

pLY pt
A" xk:) PAk:yHZ
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1L tpl
3 QTfj\’”‘) Pye @ prXp_p

:\/%H(P\ 2’ @)

where we have used the fact that P+ e = [PJ\-k]t = [Pf\-k]z.

Next we define a vector x', where @} = x; ifi € T — A* and
x = 0 otherwise. It is easy to see that ®x’ = B _ iXp _ax
and thus,

Al\k: XI = Plj,{k, @X, = P),J{k, éTfAI" X _Ak- (5)
[It is also easy to observe that P Px' =P \k<I>TxT = rk,
since P+ 1w@; = 0fori € Ak ] We: are now in a position to apply
Lemma 1 on A \»x/, after taking I; = A*, I, = supp(x’) =
T — A* andnoting that Iy N Iy = 0, |I1| + || = Nk+ K — 1,
resulting in
2 ONE+K -1 2
A} 2 (1 L
1 — OnptE 1
L2a ONK 2
> 1= —F— ] lIxr—acll3 (6)
1 —énk

where Nk + K — [ < NK follows from the fact that £ < [ and
k < K. Moreover,

2( 2
|AX 32 | Pr@ryexr )
<P&k@T ARXT Ak, P\RQT ARXp_ \k>
< P\k‘I’T Ul PA’*“I)TfAI“XTfA’“7XT7A"‘>

) X7 _atlly. (7)

IA

t ol
H Ak‘I’T—Ak) PAk‘I’T—MXT—M

Combining (6) and (7) we get
(P @ _nr ) P @r_arxp_arll2 > (1 —

e o) || P OUIRNY [0S
From (4), it then follows that
4 1 ONK
ghtl o — [ AR el 8
¢ — (- vl ®
Setting the RHS of (8) greater than the RHS of (2), the result
follows trivially.2 O

Theorem 2: The gOMP algorithm can recover x exactly
when @ satisfies RIP of order NK + 1 with

ONE11 < VN
NE+1 TR+ VN

Proof: First, as seen earlier, r* =

1 _
Poy =
P, ®r \ixp_,r. We can then write,

r =®r _paeXp_ar — Pas®r e Xp_ar

2Note that both [1] (Lemma 3.7) and the above procedure first derive a lower
bound for 3%~ (3; in [1]) by applying a series of inequalities, with each in-
equality making the bound more restrictive than before. However, unlike [1]
which relies on replacing P*k y by (y — P ,+y) first and then on expanding
P, .. in its pseudo-inverse based form, the above procedure simply exploits the
Hermitian as well as idempotent nature of PJ',< and also the Lemma 1, which
leads to the deployment of much lesser number of inequalities than used in [1].
As a result, the lower bound of 3%+ derived above (i.e., (8)) turns out to be
larger than as given in [1] which in turn leads to a lesser restrictive bound on
SNK.
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Ak

| AF |= Nk

ITNAK=1

Fig. 1. Venn diagram for correct and estimated support set.

=®p_prXp_pr — Ppezan

"
= <I’TUA’< XAk 9

where we use the fact that Py« ® 7 s»xp_ 4+ belongs to the
9pan( ar ) and thus can be written as ® 1z ,» for some z, . €
RIA"I = RN¥* The vector X/ a» is then given as

1" _ | T A
Xpuar = :
° —RAR

More over we see that r* Pl y which implies that r* ¢
span(®px ). Hence we can conclude that r* belongs to such
a subspace spanned by (®1,4«) which lies in null space of
span(®yx).

Let W be the set of N incorrect indices corresponding to
af™s fori = 1,2,---, N (clearly, W € T U AF and |[W| =
N). Then,

(10)

o = min (|(®i,x%)] |i € W)
& r k
LA

ﬁ ||¢]‘E/V QTUA’“ X?Z/“UAI‘”’ || 2

(as W] = N)

L2¢ 1 "
< W(SNJFNHKJ Ix7uall
L2a 1 .
< W(SNKH 1%70ak 5
P

(11)

where N + Nk + K — | < NK + 1 follows from the fact that
> kandk < K — 1.

Similarly,
§ = et 2 ke, s 171 = )
=@ @,
= 7R | @7 uar @roacxiae,
L u%“ — Oz 1) Kol
JL?@ — o) 1%l (12)

Setting the RHS of (12) greater than that of (11), the result is
obtained trivially. O
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IV. CONCLUSIONS

In this letter, we have presented two new upper bounds for the
RIP constant for use in the recently proposed gOMP algorithm
[1], which guarantee exact reconstruction of a K -sparse signal
in less than or equal to K number of iterations. The proposed
bounds are obtained by suitable exploitation of the properties of
the RIP constant and are considerably less restrictive than their
counterparts existing in literature. Due to space limitations, the
present treatment has, however, been confined to the noise free
case only. It is nevertheless straightforward to extend this to the
case of noisy observations by following arguments similar to

[1].
APPENDIX A

PROOF OF LEMMA 1

First, the relation is trivially satisfied with equality foru = 0.
We now assume that u # 0. It is easy to see that foru # 0, ®u
can never be zero since ® satisfies RIP of order |I;| + |I2| and
thus of order |I3|.

It is also easy to observe that [Py, ®ul3 =
(P, ®u. Py, ®u) = (Ph(I)u,(Eu—Pﬁ@u> = (P, ®u, ®u).
Also, Py, ®u € span(®y, ), meaning P, ®u = @z for some
z € R™ with supp(z) € I. First consider the case where the
columns of ®;, and those of ®;, are not orthogonal to each
other, meaning P ;, ®u # 0. We can then write,

||P11<I’u||2 — <P11(Duvq>u> — |<QZ7@U>‘

|@ull.  [|P, @ull,]|@ullz  [|®z]|2]®ull,
%1 [(®z, @u)| L2e Ol | +I1|
VI8 I=dnallzllzll: T /T8 /1=l

L2a Oypy 4|1, (A1)
1 76\1'1|+|12\

1077
This means, |[Apuls = |[®u|3 — |P,®ul} >
I ITERY s D1 T ARIEAEILERY _

! (176‘%‘;‘&!) J@ulz = (1*5|11|+|72\) )a

a o) .
srpluld S (1 - (L w3 (if P @u = 0, we

. 9 9 D1 o9 L2a
dlérecﬂyhaveJIAhuHQ =[[®@ul3 = (1 =bp)lullz > (1-
e ) ull3). Again, A alf = [|@ull — [P 1, Qullf <

. 1 L2a
[@ullf < (A48 pluld < (1 + 87 4m)lull2.
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