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Abstract—This paper presents an alternate formulation of the
least mean square (LMS) algorithm by using a set of angle vari-
ables monotonically related to the filter coefficients. The algorithm
updates the angles directly instead of the filter coefficients and re-
lies on quantities that can be realized by simple CORDIC rotations.
Two architectures based on pipelined CORDIC unit are proposed
which achieve efficiency either in time or in area. Further simpli-
fications result from extending the approach to the sign—sign LMS
algorithm. An approximate convergence analysis of the proposed
algorithm, along with simulation results showing its convergence
characteristics are presented.

Index Terms—Least mean square (LMS) algorithm, pipelined
CORDIC unit.

1. INTRODUCTION

INCE the last two decades, the application of CORDIC
S arithmetic [1] for efficient implementation of signal pro-
cessing algorithms continues to receive wide attention because
of its numerical stability, efficiency in evaluating trigonometric
and hyperbolic functions, hardware compactness and inherent
pipelinability at the microlevel [2]. Several algorithms have
been reported in the recent past which employ the CORDIC
method for performing fast Fourier transform (FFT), discrete
cosine transform (DCT), discrete sine transform (DST), sin-
gular-value decomposition (SVD), and other matrix operations,
filtering and array processing efficiently [2]. For the case of
the least-mean-square (LMS)-based adaptive filters, however,
the CORDIC approach has so far remained confined largely to
lattice filters ([3], [4]) and seemingly has not been extended to
the transversal form, as, in the case of the former, the compu-
tations in each stage can be related easily to a set of hyperbolic
rotations, while no such direct hyperbolic, or, trigonometric
interpretation exists for the computations present in the latter.
In this paper, we first propose in Section II an alternate formula-
tion of the LMS algorithm by using a set of trigonometric angle
variables, which are monotonically related to the transversal
filter coefficients. The algorithm updates the angles directly
instead of the filter coefficients and relies on quantities that can
be realized by simple trigonometric rotations. The resulting
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architecture is more efficient in terms of hardware and thus
power as compared to a direct realization of the adaptive filter,
as it replaces about fifty percent of the multipliers by pipelined
CORDIC units. Further optimization is also possible by con-
sidering the sign—sign version [5] of the proposed algorithm,
which eliminates the multipliers completely.

Two architectures are proposed in this paper in Section III
based on the presented trigonometric formulation. The first
one is a time-efficient architecture which employs a pipelined
CORDIC unit and a pipelined multiplier (PM) for each filter
tap, resulting in a critical path given by just an adder delay.
The second one is an area-efficient architecture, which uses
only one pipelined CORDIC unit and a PM, but needs a faster
internal clock for multiplexing the filtering as well as weight
updating operations for the various taps. This architecture can
be viewed as a folded version [7] of the first, though it has been
derived purely from intuitive considerations and not by any
formal folding transformation.

The proposed trigonometric LMS algorithm has been sim-
ulated extensively for evaluation of its convergence behavior.
Some of the simulation results are described in Section IV. Exact
convergence analysis of the proposed algorithm is, however, an
inordinately difficult task due to the presence of sinusoidal non-
linearities in both the filtering and the weight update equations.
An approximate convergence analysis and a new upper bound
on the step size have been presented in the Appendix.

II. TRIGONOMETRIC FORMULATION OF LMS ALGORITHM

We begin by first considering the steepest descent search
procedure that arises in the optimal finite-impulse response
(FIR) filtering problem. Given an input sequence z(n), de-
sired response d(n) and a N-tap filter coefficient vector
w = [wo,w1,...,wy_1]", the optimal filter W = [, 101,
...,y _1]" is obtained by minimizing the mean-square error
(MSE) function €2 = E[e?(n)], where e(n) = d(n) — w'x(n)
is the output error, with x(n) = [z(n),z(n — 1),...,z(n —
N + 1)]t. The MSE ¢? is a quadratic function of the filter
coefficients wy’s, k = 0,1,...,N — 1, and defines the
so-called error performance surface in an /N + 1-dimensional
space. In the proposed alternative, we first consider an al-
ternate steepest descent search procedure, by selecting a set
of N positive numbers Ax’s, & = 0,1,...,N — 1, so that
the minima of the error performance surface is contained in
the hypercube with vertices : [+Ag, £A;,...,+Ax_1]. (In
practice, Aj’s are taken to be some powers of 2 for conve-
nience in hardware realization and are chosen using some a
priori knowledge of the statistics of z(n) and d(n).) Each
tap weight wy in the above range can then be expressed
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as wy = Agsinfy,—(7/2) < 6 < (w/2). Since each
wie(—Ag, +Ax) maps uniquely to a Ope(—(7/2),+(7/2)),
the MSE &2, when expressed as a function of 6;’s has a unique,
global minima at 0, = arcsin(wy /Ag),k = 0,1,...,N — 1,
located within a hypercube in the 6 space with vertices :
[£(7/2),£(x/2),...,£(w/2)]nx1. Further, the function
sin @, is a monotonically increasing, continuous function of
as @, varies from —(7/2) to +(r/2), meaning that 92 /96,
has the same sign as that of de?/Jwy, everywhere within the
hypercube. In other words, the MSE does not exhibit any local
minima or maxima within the specified hypercube in the 6
space.

In the proposed scheme, a steepest descent search is taken up
within the above hypercube in the @ space in order to reach 9.
The gradient

V@EZ = [882/800, 882/8017 N 7882/89N,1]t
is easily seen to be given by Vye? = —2A(p — Rw), where

W = [AO sinHO,Al sin@l, [N >AN—1 SiIlHN_l]t

p = Elx(n)d(n)
R = Efx(n)x'(n)

and A is a diagonal matrix with the jth diagonal entry given
by A;; = Ajcosb;,j = 0,1,...,N — 1. The iterate 6(1)
arising in the ith step of iteration is then updated as : (i + 1) =
0(i) — (11/2)V9e®|g—g()» Where i is an appropriate step size.
To move from the steepest descent to the LMS form, we simply
replace R and p by x(n)x*(n) and x(n)d(n) respectively in
the expression for Vye? in order to obtain an estimate of the
gradient at index n. This leads to the so-called “trigonometric
LMS (TLMS)” algorithm as follows:

B(n+1) = B(n) + nA (n)x(n)e(n)
N-1

e(n) =d(n) — > Agsinby(n)z(n — k).
k=0

ey
@)

The TLMS algorithm is particularly suitable for CORDIC-
based realization, since the two quantities : Ay, sin 8y(n)z(n —
k) and Ag cosOr(n)z(n — k), k = 0,1,..., N — 1, required
for filtering by and updating of the kth coefficient respec-
tively can be computed simultaneously by engaging only one
CORDIC processor. Further simplifications are also possible
by extending the above treatment to the sign—sign version
[5] of the LMS algorithm. In this, each element of the gra-
dient A(n)x(n)e(n) is replaced by +1 or —1, depending
on whether it is positive or negative, respectively. Since
cosBr(n) > 0,—(7/2) < Ox(n) < +(7/2), this then leads to
the following angle update relation:

O(n + 1) = 0(n) + psign(x(n))sign(e(n)). 3)

Finally, for pipelined realization, it may, however, be more ap-
propriate to consider the trigonometric analog of an approxi-
mate version of the LMS algorithm, popularly known as “de-
layed LMS” (DLMS) algorithm [6], where the filter coefficients
at the nth index are updated using a past estimate of the gradient,
say, for index (n — L), where L is an integer. The correction
term in the weight update formula then gets modified to ux(n —
L)e(n— L) and the resulting L cycle delay in the error feedback

path is used for retiming purpose. The trigonometric analog of
the DLMS algorithm can be easily worked out by substituting
R, p, and w in the gradient expression by x(n — L)x%(n —
L),x(n — L)d(n — L) and [Agsinfy(n — L), Ay sinfi(n —
L),...,Ay_1sinfy_1(n— L)]%, respectively, and is given by

“

The delayed version of the sign—sign angle update formula (3)
can similarly be written down by replacing x(n) and e(n), re-
spectively, by x(n — L) and e(n — L).

O(n+1)=0(n)+ puA(n — L)x(n — L)e(n — L).

III. PROPOSED ARCHITECTURES

We propose two pipelined CORDIC-based architectures, 1
and II, to implement the delayed TLMS algorithm as given by
(2) and (4). Of these, the first one is a time-efficient architec-
ture, while the second one is efficient in area and may be viewed
as a folded [7] version of the first. Both architectures employ
CORDIC-based rotations to compute Ay, sin 6y (n)z(n—k) and
Ap cosbp(n)z(n — k), k=0,1,...,N — 1.

A. CORDIC Algorithm

The CORDIC algorithm first defines a set of elementary an-
gles a;,i = 0,1,2,..., where a; = arctan(27"). Given any
angle 6, with 0° < 6 < 90°, it is then possible to express
§asf = > .2 0a;, where 6; = £1, with §g = +1. [For
0° > 6 > —90°, the sign of each ¢; gets reversed.] Rotation of
a vector [X Y] by the angle 6 then amounts to a sequence of
elementary rotations by angles «;’s, forward or backward de-
pending on whether §; is positive or negative. In practice, the
series is truncated to a finite number of terms, say M, as «; fast
approaches zero as ¢ increases. The CORDIC algorithm can then
be summarized as follows.

CORDIC Algorithm: Given the angle 6,0° < 6 < 90° and
the vector [X Y], set z(0) = X,y(0) = Y,0(0) = 6, and
6o = +1. Then
Fori:=0to M — 1

Begin
)L 10
8(i+1) = 0(4) — icus,
§is1 = sign(6(i + 1)).
end.

Finally, for the sake of correctness, the last iterate
[x(M) y(M)]t needs to be scaled down by the factor
Ky = ?251 cos a;, which, for a given M, is, however,
a known constant. In a pipelined CORDIC unit (PCU), the
CORDIC rotation is carried out by cascading M identical
rotational modules through pipeline latches, with each module
responsible for one elementary rotation. The shift implied by
27" is hardwired and the critical path is given by the time ¢,
required for a single addition/subtraction.

B. Architecture I

The proposed architecture is shown in Fig. 1 which imple-
ments the delayed TLMS algorithm, given by (4). First, the
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Fig. 1. Time-efficient architecture (Architecture I) to implement the delayed
TLMS algorithm; L" = N — 1.
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Fig. 2. Time-efficient architecture to implement the sign—sign version of the
delayed TLMS algorithm; L' = N — 1.

given adaptive filter is pipelined using cutset retiming [7], which
introduces a delay each in the paths for 2(n), e(n — L) and the
one for the intermediate filter output, between every two succes-
sive stages. Then, each tap is realized by a PCU and its weight
update carried out by a PM as shown. The critical paths of both
the PCU and the PM equal one adder delay ¢,, meaning that by
deploying fast adder structures like the carry save adder [8] or
the conditional sum adder [9], an extremely high sampling rate
(of the order of hundreds of megahertz) can be employed.

For a total of N number of taps, the architecture has a latency
of L = (N —1)+ M and an adaptation delay of (L+M"), where
M and M’ are respectively the latency of the PCU and the PM.
This implies that the weight updating terms x cos # should be
delayed by L' = N — 1 cycles before being applied to the PM.
Finally, the architecture of Fig. 1 gets considerably simplified
for the case of the sign—sign version of the delayed TLMS algo-
rithm and is shown in Fig. 2. This replaces each PM by a simple
EX-OR gate, which takes the sign bits of the data and the error
signals as its input and generates an add/subtract control signal
for adding or subtracting i to 6;(n),j = 0,1,..., N — 1 in the
angle update formula (3).

|
[xn-1)en-2)] [xtn-p+ D}—>
x(n) A

Fig. 3. Area-efficient architecture (Architecture II) to implement the delayed
TLMS algorithm.

C. Architecture 11

The proposed architecture, as shown in Fig. 3, is an area-
efficient architecture which tries to minimize the chip area by
trading off the throughput rate. It consists of a PCU, three first-
in—first-out (FIFOs) (F}, F», F3) and a PM, which are clocked
by a primary clock N times faster than the input. The maximum
frequency of the primary clock is governed by the critical path
delay, which in this case also is equal to the propagation delay
of a single adder.

The architecture evaluates the filter output y(n) as per the
following recursion : Sop = 0 and S, = Skp_1 + z(n — N +
k)sinfy_g(n),k = 1,2,..., N (we are assuming here Ay’s
to be 1 for convenience). For this, the partial products are
generated by feeding the PCU with the following sequence of
data and angles of rotation, in the shown order: (z(n — N +
1)7 01\7—1(71))7 (x(n - N+ 2)7 l91\7—2(”))7 AR (."B(’I’L), 90(“))
The data samples provided to the PCU are generated by circu-
lating the N — 1 samples: z(n — N+ k),k=1,2,...,N—1
through FIFO F}; and then flipping the MUX in the Nth cycle
to accept the input sample z(n). One of the outputs of the
PCU (involving sinusoidal term) is fed to the accumulator built
around the register R1 that takes N primary clock cycles to
complete the computation of y(n). Though the output register
R2 shares the same input line as the accumulator register R1,
the former is updated at the sampling frequency f,, while the
latter is clocked at the primary clock frequency of N f;. Thus,
R2 holds the valid output y( - ) for the next N primary clock
cycles while R1 keeps changing in each cycle with partially ac-
cumulated product terms. The provision of controlled ANDing
facilitates the start of the computation for the next output
without losing any clock cycle for clearing the accumulator
register R1.

It is interesting to note that while one output of the PCU
is used for computing y(n), the other output (involving cosi-
nusoidal terms) which is available simultaneously is used for
weight updating purpose. For this, a PM, whose number of
stages (say, M") depends on the required accuracy, is employed
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L’.\mx |,‘(,,_1)1 X(,,fz)l. I [ <(-N+1) >
x(n) Fi

5

Fig. 4. Area-efficient architecture to implement the sign—sign version of the
delayed TLMS algorithm.

to compute the product terms A(-)x(-)e(-). To maintain
proper synchronization between the indexes of A(-)x(-) and
e(+), a FIFO (F3) of length (N + 1) is required to be put
in the former’s data path. In our architecture, the stepsize is
assumed to be a power of 2 and thus its multiplication can be
implemented by simple hardwired right shift operation without
any additional delay. However, in the case of a more general
value, its multiplication would take a few clock cycles and
the size of the FIFO (F%) should then be reduced accordingly.
Another FIFO (F3) is employed to store and circulate the
angles (6},) representing the tap weights. It can be shown easily
that the angle required at the input of the PCU for participating
in the computation at any particular instant is available at
the K'th tap position of F3 where K = T modulo N, with
T = (M + N+ M’ +1) denoting the total delay from the PCU
to the PM. Finally, for the sign—sign case, the PM is replaced
by an EX-OR gate which takes the sign bits of e(n — L) and
the output of F5, and generates a control signal that determines
whether 1 is to be added or subtracted for updating a particular
tap weight. The resulting architecture is shown in Fig. 4.

IV. SIMULATION STUDIES, DISCUSSION, AND CONCLUSION

In this paper, a trigonometric formulation of the LMS algo-
rithm has been presented which is directly amenable to real-
ization on pipelined CORDIC. An exact convergence analysis
of the proposed algorithm is an extremely difficult task owing
to the presence of nonlinearities in both the filtering as well
as the angle update equations and is not taken up. Instead,
an approximate convergence analysis is presented in the Ap-
pendix, which provides a new upper bound on the step size for
convergence. The convergence behavior of the proposed algo-
rithm is also evaluated by extensive simulation studies. Here,
we present simulation results for equalizing an additive white
Gaussian noise (AWGN) channel, having a transfer function
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Fig. 5. Learning curves for (a) TLMS algorithm with ¢ = 0.0015, and

(b) delayed TLMS algorithm with ¢ = 0.0006.
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Fig. 6. Learning curves for (a) sign—sign TLMS algorithm with ¢ = 0.007,
and (b) delayed, sign—-sign TLMS algorithm with ;= = 0.005.

(1 —22z"1)(1 - 0.5271) and noise variance 0.01. The trans-
mitted symbols were chosen from an alphabet of 5 equispaced,
equiprobable discrete amplitude levels with transmitted signal
power of 10 dB. A 7-tap equalizer with centre placed at the
fourth tap position was used to equalize the channel. First, the
TLMS algorithm and its delayed version were employed for
training the equalizer with g = 0.0015 and g = 0.0006, re-
spectively which generates similar misadjustment for both. The
corresponding learning curves, obtained by plotting F(|e(n)|)
against n are shown in Fig. 5(a) and (b), respectively. Clearly,
the rate of convergence of the delayed TLMS algorithm is less
vis-a-vis the TLMS algorithm, which is consistent with the
fact that the DLMS algorithm [6] also has slower convergence
rate as compared to the LMS algorithm. For the sign—sign
TLMS algorithm and its delayed version, however, the conver-
gence rates do not differ much, as seen from the corresponding
learning curves shown in Fig. 6(a) and (b), respectively, where,
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to maintain similar misadjustment for both, the following step
size values were chosen: (a) p = 0.007 (sign—sign TLMS),
and (b) p = 0.005 (delayed sign—sign TLMS).

APPENDIX
CONVERGENCE ANALYSIS

Define the error in the kth angle iterate as vg(n) = 0x(n) —
O,k =0,1,..., N — 1. Then, with v(n) = [vo(n), v1(n), ...,
vy-1(n)]" and o = [90 by,... HN_l] we rewrite (1), after
subtracting 6 from both sides as

=v(n) + pA(n)x(n)e(n).

Next, assuming vg(n) to be small in magnitude, we make
the approximation : Ay cosfi(n) = Ay cos(0y + vi(n)) ~
Ay, cos ), — Ay sin Hkvk( ), or, equivalently

v(n+1) (A-1)

A(n) = A - A'V(n) (A-2)

where, A, A’ and V(n) are three diagonal matrices with

Ak,k = Ak COSék,
A?C7k = Ak Sinék,
[V(n)]hk:vk(n), k:0717...7N—1.

Similarly, Ay, sin 6 (n) can be approximated as Ay, sin 0 (n) =
Ay sin(ék + ’Uk( )) ~ Apsin Hk + Aj cos Hkvk( ) =
Wy + Ap cos ékvk(n), where Wp = Ajsinfy is the kth
optimal tap weight. Using this approximation in w(n) =
[Agsinfo(n), Ay sinfy(n),...,Ax_1sinfy_1(n)]t, we can
then write

—x'(n)Av(n).

Substituting in (A-1), taking expectation of both sides, using the
“independence assumption” [11] and recalling that Rw = p,
we obtain

(A-3)

— A’E[V(n)JRAE[v(n)].
(A-4)

Elv(n+1)] = E[v(n)] - u[A

Neglecting second-order terms involving components of
E[v(n)], or, equivalently, the vector A’ E[V (n)|]RAE[v(n)]
in comparison to ARAE[v(n)], we get

Elv(n+1)] = [I - hARA]E[v(n)]. (A-5)
Note that the matrix ARA is Hermitian and is in fact positive
definite if R is positive definite. From (A-5) and the well-es-
tablished convergence analysis of the LMS algorithm [11], it is
then easy to conclude that lim,, . [|E[v(n)]|| = 0,if0 < p <
(2)/(Trace] ARAL). For a Toeplitz R with diagonal entries
glven by To, We have, Trace[ARA] =70 Zk 0 Ak cos2 ), =
o Z A2(1 —sin?6;) = ro Z ( 7). This results
in the followmg upper bound of p for convergence:

LS ol = TP o
where a = [Ag, Ay,...,Ay_1]t and W = R~ !p is the op-
timal, i.e., Wiener filter. Note that the closer the vector a is to
W, the faster can be the speed of convergence as with increasing

upper bound, one can choose larger values for .
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