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Abstract—Recently, diffusion networks have been proposed to
identify sparse linear systems which employ sparsity-aware algo-
rithms like the zero-attracting LMS (ZA-LMS) at each node to
exploit sparsity. In this brief, we show that the same optimum
performance as reached by the aforementioned networks can also
be achieved by a “heterogeneous” network with only a fraction of
the nodes deploying ZA-LMS-based adaptation, provided that the
ZA-LMS-based nodes are distributed over the network maintain-
ing some “‘uniformity.” Reduction in the number of sparsity-aware
nodes reduces the overall computational burden of the network.
We show analytically and also by simulation studies that the only
adjustment needed to achieve this reduction is a proportional
increase in the value of the optimum zero attracting coefficient.

Index Terms—Adaptive network, diffusion LMS, network mean
square deviation (NMSD), I; norm.

I. INTRODUCTION

N RECENT years, diffusion strategies [1]-[4] have been

widely used to carry out distributed estimation in real
time. Here, each node employs an adaptive filter that up-
dates a tap weight vector using some local input and de-
sired response sequences and separately refines it before or
after each adaptation cycle by using tap weight informa-
tion from neighboring nodes. Separately, the topic of sparse
adaptive filtering has assumed special significance in recent
years, and several new techniques have been proposed. A
review of this can be found in [5]. Recently, in [6] and [7],
the diffusion principle has been used to identify sparse fi-
nite impulse response (FIR) systems, where certain sparsity-
promoting norms like the /; norm of the coefficient vector have
been used to regularize the standard LMS cost function. This
leads to the deployment of the sparsity-aware zero-attracting
LMS (ZA-LMS) ([8], [9]) form of weight adaptation at each
node. These diffusion sparse LMS algorithms manifest superior
performance in terms of lesser steady-state network mean square
deviation (NMSD) compared with the simple diffusion LMS.
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In this brief, we show that the minimum level of the steady-
state NMSD achieved using a ZA-LMS based update at all the
nodes of the network can also be obtained by a heterogeneous
network with only a fraction of the nodes using the ZA-LMS
update rule (referred to as sparsity-aware nodes in this brief)
while rest employ the standard LMS update (referred to as
sparsity agnostic nodes in this brief), provided that the sparsity-
aware nodes are distributed over the network maintaining some
“uniformity.” Note that reduction in the number of sparsity-
aware nodes reduces the overall computational overhead of
the network, especially when more complicated sparsity-aware
algorithms involving a significant amount of computations are
deployed to exploit sparsity. We show that, to achieve this
reduction, the only adjustment to be made is a proportional
increase in the value of the optimum zero attracting coefficient.
Lastly, the proposed analysis, though restricted to the /;-norm
regularized algorithm (i.e., ZA-LMS) only, can be trivially
extended to the cases of more general norms, and thus, similar
behavior can also be expected from the corresponding hetero-
geneous networks.!

II. BRIEF REVIEW OF DIFFUSION
SPARSE LMS ALGORITHMS

We consider a connected network consisting of N nodes
that are spatially distributed. At every time index n, each
kth node collects some scalar measurement dj(n) and some
M x 1 vector ug(n) which are related by the following model:
d(n) = uf (n)wo + vy (n), where vy (n) is the measurement
noise at the kth node and wy is the unknown M x 1 vector,
known a priori to be sparse, which is required to be estimated
(jointly by all the nodes). Both uy(n) and vy (n) are variates
generated from some Gaussian distributions, with uy(n) and
vi (m) being mutually independent for all nn, m.

In the diffusion scheme, every kth node, k =1,2,--- | N,
deploys an M x 1 adaptive filter wy(n) to estimate wo, which
takes di(n) and ug(n), respectively, as the local desired re-
sponse and input vectors. The estimates of wy, i.e., wy(n), for
each k are exchanged with the neighbors of the kth node, i.e.,
nodes directly connected to it, and the estimates are refined
by following either the ‘“adapt-then-combine (ATC)” or the
“combine-then-adapt (CTA)” [1] schemes. In this brief, we
consider the ATC approach where wy(n) is first updated to
an intermediate estimate vi(n + 1), which is then linearly

'Some early results of this brief were presented at International Symposium
on Circuits and Systems (ISCAS)-2015 [10].
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TABLE 1
ZA-ATC DIFFUSION ALGORITHM [7]
ex(m) = di(n) — wl (m)ug(n)
vi(n+1) = wg(n)+ purug(n)eg(n)
—  prsgn[wi(n)] @)
wi(n+1) = > gjrvi(n+1) @)
JEN

combined with similar estimates received from the neighbors.
Also, for sparsity-aware nodes, we assume the ZA-LMS form
of weight adaptation ([8], [9]), obtained by adding the /;-norm
penalty ||wy(n)||; to the LMS cost function which results in
the introduction of the zero attracting terms sgn[wy(n)] in
the weight update equations. The resulting diffusion ZA-LMS
algorithm for the ATC scheme, popularly termed as ZA-ATC
diffusion algorithm [7], is shown in Table I, where py, is a very
small positive zero-attracting coefficient (taken the same for all
the nodes in [7]) and N denotes the kth neighborhood, i.e.,
the set of nodes directly connected to node k (including itself),
having a total of Ny = |Xy| nodes (] - | denotes the cardinality
of the set ““-” in the argument).

The combining coefficients g; are nonnegative constants
which are usually chosen satisfying the following [1]: g1 > 0
if j € Ny, and equals zero otherwise. Also, > .y, gjkx = 1.
There exist several standard schemes in the literature to choose
the coefficients g; , e.g., the uniform combination rule, the
metropolis rule, the Laplacian rule, and the nearest neighbor
rule to name a few. Using these coefficients, a combination
matrix G is defined for the network, where [G]; k. = g, k-

III. PROPOSED HETEROGENEOUS NETWORK
AND ITS NMSD BEHAVIOR

The performance of a diffusion network is assessed by
evaluating the average NMSD which, at the nth time in-
dex, is given as [1]-[3] MSD,et(n) = (1/N) Zszl MSDg(n),
where MSDy, (n) is the individual mean square deviation at the
kth node, i.e., MSDy,(n) = E[||Wx(n)]||?] where Wy, (n) =wo —
wy(n) denotes the weight deviation vector at the kth node. An
expression for the steady-state NMSD [i.e., MSDyt(0c0)] for
a general ZA-ATC algorithm was derived analytically in [7].
Under the simplifying assumptions that all nodes employ the
same step size p and that both the input signal and noise at each
node are spatially and temporally independent and identically
distributed (i.i.d.), it is easy to verify that the MSDyet(00) in
[7] reduces to the following:

MSD,et(00) = MQ?\?U?‘ [vec[CTC]]T (I-F)'q
+ % (B(o0) —alx)) )
with

a(oc) = — 2 uE [sgn fw(oo)]” £2,CCT (I — uD)w ()
“
Bo0) =12 E [lsgn [w(o0)] I, cora | )
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where vec|-] is an operator that stacks the columns of its
argument matrix on top of each other, q = vec[Innxan]s
w(n) = vec[lwi(n), wa(n), - -wy(n)], w(n) = vec[wy(n),
Wwa(n),...Wy(n)], and 02 and o2 are the variances of the
noise and input signal, respectively. The matrices C, D, F,
and §2, are defined as follows: C = G ® I/« a (® denotes
the right Kronecker product), D = o2Iynxmn, F = (1 —
202 + p?ol)(C ® C), and £2, = diagp1Inrxar, p2larxas,
- peInrxas - - - pnIarxaa]. (Also note that, for a vector a and
a matrix B, ||al|} indicates a’ Ba.)

It is easily seen that the first term on the right hand side
(RHS) of (3) is actually the steady-state network mean
square deviation (NMSD) of simple ATC diffusion LMS [3]
and is independent of p. Now, in the case of the ZA-ATC
diffusion algorithm [7], all nodes were assumed to employ
the same zero attracting coefficient, i.e., it was assumed
that p; = pa = --- = pny = p (say). In such case, the second
term on the RHS of (3) can be written as (1/N)¢(p), where
6(p)=—a'(Ep+ B 6p?, with /(o) = —uE[sgniw(od)|”
CC™ (1-uD)W(ed)] and 3 (60) = 2 [sgn[w(c9)] | ) (> 0).
The function ¢(p) has two zero-crossing points, one at
p=0 and the other at p=(a/(00))/(8(c0)), and between
them, ¢(p) takes only negative values with the minima
occurring at p=(a/(c0))/(24(c0)), which, from (3),
also minimizes MSDj¢t(00). For systems that are highly
sparse, it follows from [7] that o/(o0)>0, and conversely,
for nonsparse systems, o'(co)<0. Since, for proper zero
attraction, p must be positive, the optimum value of p is
then given by popt =max[0, (a/(0))/(26'(c0))], and the
corresponding minimum value of ¢ (when pgp >0) is then
given as
o’ (o)

d)min = _W~

(6)

A. Proposed Heterogeneous Diffusion Network

In this section, we show that the same level of ¢, as
given by (6) and, therefore, the same min[MSD,¢;(00)] can
be reached by a heterogeneous network as well, where only
a fraction of the nodes are sparsity aware and the rest are
sparsity agnostic, with the network satisfying the following
assumptions as closely as possible (where we use the symbols
S and Ls(= |S]) to denote respectively the set of the sparsity-
aware nodes and the number of sparsity-aware nodes in the
network).

Assumption 1: The matrix G is symmetric and also doubly
stochastic, i.e., Vi, 7, Zf\il gi,; = land Z;v:1 gi,j = 1. This is
valid for many practical rules used to select combiner coeffi-
cients [1].

Assumption 2: The Lg sparsity-aware nodes are distributed
over the network uniformly such that, for any jth node (1 <
j < N), the number of sparsity-aware nodes in its neighbor-
hood is directly proportional to IV;. We take the proportionality
constant in this case to be L;/N, which is consistent with the
above, since it implies that, if, hypothetically, V; = 1 Vj (i.e.,
there is a total of N neighborhoods with each neighborhood
consisting of one node only), then each neighborhood should
have a quota of Ls/N sparsity-aware nodes.
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A network with strong connectivity is expected to satisfy
Assumption 2 closely, as is also confirmed by our simulation
studies. A fallout of this assumption is that, under the uniform
combination rule [1] for which g; ; = (1/N;) Vi € R;, we will
have Y, ¢ gi; = Ls/N.2 This is validated by our simulation
studies in Section IV where we consider three networks of in-
creasing order of connectivity and show that the above gets sat-
isfied more closely as the connectivity of the network increases.

Now, in order to prove our conjecture that the same level of
®min as given by (6) can also be achieved in a heterogeneous
network, we have to minimize (1/N)(5(c0) — a(o0)) w.rt. p.
However, unlike [7], for the heterogeneous network, it is lot
more difficult to express a(oco) and S(co) as a function of p
since, unlike in [7], 2, cannot be written simply as pl. In
Theorems 1 and 2, we evaluate a(c0) and 3(00), respectively,
in terms of p, where we make use of the following definitions.

Definition 1: Here, we define the matrix € by taking a
weighted average of the matrix E[sgn[w;(co)]W (00)] over
all 7 € S and for each i, considering every mth node that is
connected with the ith node either directly (i.e., m € N;) or
through an intermediate jth node (i.e., m € W;,5 € Ny, j # 1).
In particular, we define

Zies ZmeNJ FEN; E [sgn [wi(o0)] WZL(OO)} giTgm

0 =
Dics ZmeNj,jeN,; gz‘Tgm

where g; is the [th column of the matrix G and the constants
gl'g, are the weights used in the weighted average.
Definition 2: Similarly, we define the matrix 1) by taking a
weighted average of E[sgn|[w;(oco)]sgn[wZ, (c0)]] overalli € S
and for each i, considering every mth sparsity-aware node that
is connected with the ith node either directly (i.e., m € S N Y;)
or through an intermediate jth node (i.e.,, m € SNR;, j € W,

j # 1). In particular, we define

p= ZieSZmeSﬁNJ ,jeNiE[Sgn[Wi(oo)]Sgn I:W’Z;l (OO)} ] nggm
E'LES ZmeSﬁNj, JER; giTgm

It is then possible to prove the following.
Theorem 1: For a network satisfying Assumption 1, the
following holds:

a(o0) = —2pp (1 — po2) Tr(6] L. @)

Proof: Using the fact that for any two vectors
a and b, a’b=Tr[ab?] (Tr[] denotes the trace of
the argument matrix), one can write from (4), a(co) =
—2 (1 — po?)Tr[2, E[sgn[w(co)]W” (00)]CCT]. Defining

2The aforementioned relation is satisfied (albeit approximately) for another
widely popular combination rule, namely, the metropolis rule [1]. Under this,
fori € N]’ but ¢ 75 7, Ggi,j = 1/(maXHNi|, ‘NJH), and for ¢ = j, 95,5 = 1-—
zieNJ,i#j gi,; (note that, under this rule, g; ; = g;.,, i.., the symmetry
of G is automatically satisfied). Since, for a strongly connected network, the
number of nodes in a neighborhood does not vary much from neighborhood
to neighborhood, i.e., R ~ ¥; for any k,l € {1,2,--- , N}, we will have
gi,j = 1/Nj,and thus, 3~ - 5 gij = Ls/N.
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the M N x M N block matrices K1 = E[sgn[w(o0)]w’ (00)],
K2 = CC7”, and K = K1K2 and also denoting by A, ,
the (p,q)th subblock of an MN x M N block matrix A,
one can write a(00) = —2 (1 — po?)Tr[2:,K] = —2pu(1 —
o) TrY s Kiil = —=2pp(1=po2)Tr[,cs Somey Klim
K2, ;]. Now, K2, ; = ny:l Cm,rCZr. From the definition

of C, one can easily see that CZT =GC,;, = gi-In. This
leads to

a(oo) = —2pp (1 — pol) Tr Z
icS

N
x > E[sgn[wi(c0)] W (00)] &/ gm | - (8)

m=1

Now, if the mth node is directly connected to the ith node,
meaning that [g;],, > 0, or has, for example, the /th node
as a common neighbor, meaning that [g;]; > 0, [gm]; > 0,
the product giTgm will be nonzero and positive, while in
all other cases, it will be zero. In other words, g’ g, # 0
if and only if m € N;, 5 € N;. Using this in (8) and then
invoking the aforesaid Definition 1, one obtains a(co) =
—2pp(1 — po2)Tr(0] >, s Do men, e, glg,,. Rewriting the
summation  Jico > ey, jen, gl gm a8 Yies 8] [Vt 8l
(i.e., using the orthogonality of g,,, with g; for m not belonging
to N;, 7 € R;), noting from Assumption 1 that Z%zl Em =
[1,1,---,1]7 and also that g/ [1,1,---,1]7 = 1, one obtains
the result as given in (7). U

Corollary 1: For the proposed network, Tr[@] < 0 for highly
sparse systems, and conversely, Tr[@] > 0 for nonsparse systems.

Proof: In [7], it was shown that, for networks using

the same zero attracting coefficient p at all the nodes, i.e.,
pi=p, i =1,2,--- N, the following holds: a(oo) > 0 for
highly sparse systems, and for nonsparse systems, a(o0) < 0.
For the generalized case under consideration, i.e., when p; #
p2 # -+ # pn with each p; > 0, one obtains «(o0) [as given
by the RHS of (4)] simply by replacing psgn[w(co)] in the
corresponding derivation in [7] by $2,sgn[w(c0)]. Since each
p; > 0 with atleast one p; > 0, from [7], it then follows that, for
the generalized case also, we have «(c0) > 0 for highly sparse
systems and «(oo) < 0 for nonsparse systems. From this and
the fact that, for convergence, we have 1 — uaﬁ > 0, the result
then follows trivially from Theorem 1. U

In a similar way, we evaluate 3(c0) as given in the theorem
hereinafter.

Theorem 2: For a network satisfying the aforesaid
Assumptions 1 and 2, the following holds:

_ wpPPTry]L2

Bloo) = X

)

Proof: As in Theorem 1, we first define the M N X
M N block matrices L1 = E[sgn[w(co)|sgn[w(o0)]?], L2=
L1£2,, and L = L2K2, where K2 = CC”, i.e., same as
defined in the proof of Theorem 1. From (5), one can write
B(00) = p?E [sgn|[w(00)]T2,CCT 2, sgn[w(cc)]] =
12 Tr (02, E [sgn [w(oo)] sgn [w(co)]T]92, CCT]. Using the
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Fig. 1. Variation of pur,, and pu1,, & o, against the number of sparsity-aware nodes (L ).

aforementioned definitions of block matrices and following
the steps used in the proof of Theorem 1, one can then
express B(c0) as B(00) = u2Tr[2,L] = u2pTe[Y, s Li] =
N

M2PTT [Zies Zm:l in,m sz,i] = ‘LLQPQTI' [ZiGSZmGS
L1;,,K2,,,]. Recalling from Theorem 1 that K2, ;=
Zi\;lcmﬂ"czr and that Czj:r :Ciﬂ":giﬂ“IN’ Cmﬂ“:gm,rINa
one obtains

B(oo) = p2p*Tr |
€S
X Z E [sgn[w;(co)] sgn [wy,(c0)]] & gm| . (10)

mesS

Using the fact that gl'g,, #0 if and only if m € N;,
7 €XN;, and from the aforesaid Definition 2, one ob-
tains B(00) = p?p*Tr(t] Yics D meSn; jex, g/ gm. Next,
we rewrite the summation ) . ¢ ZmeSﬂNJ,jGN,: glgm as
D oies giT[Zmes gm]. Then, for any k, 1 < k < N, we have
> omes 8mlk = D mes Gkim = D e gm k. (from the sym-
metric nature of G) = L,/N (from Assumption 2). Thus,
> mes &n = (Ls/N)[1,1,--- 1], and from Assumption 1,
> ics 8L > mes 8nm] = L?/N. By substitution, one then ob-
tains the result as given in (9). ]

Substituting «(co) and [B(co0) in ¢(p) = (1/N)(B(c0) —
a(0)), then differentiating w.r.t. p, and equating the derivative
to zero, we obtain

(1 — po?) Tr[O]N
pIr[ep] Ly

(1)

Popt = Max 0,—

The corresponding minimum value of ¢(p) (when popy > 0,
i.e., the system is sparse), say, ¢’ . , is given as

min?

(1 — po2)” Tr[6]2
Tr[e]

Prnin = — (12)

Note that ¢/, as given in (12) is independent of L. Several
conclusions follow from this as given below.
* Since ¢, ;, as given in (12) is true for all values of L, it

holds also for L, = N, i.e., when the network becomes

Fig. 2. Topology of the network used for simulation (i.e., Fig. 3).

homogeneous with all the nodes being sparsity aware. In
other words, if ¢n,in as given by (6) is analyzed using the
aforesaid Assumptions 1 and 2, it would give rise to the
same expression as given by (12).

» The min[MSD,,¢t(c0)] does not change when the network
changes from being homogeneous to heterogeneous, with
only Ly of the total N (0 < Ly < N) nodes employing
sparsity-aware adaptation.

» For sparse systems, the popy minimizing ¢(p) and, thus,
[MSDyet(00)] as given by (12) is, however, inversely
proportional to L.

The above implies that the same ¢/ ;  as realized by the ho-

mogeneous network can also be reached by the heterogeneous
network for various { popt, Ls} combinations, with pop being
inversely proportional to L. In other words, it is possible to
bring down the computational complexity of the network while
maintaining the same ¢, by choosing a lesser value of L

with a proportionate increase in p.

IV. SIMULATION STUDIES

In our simulation exercise, we first try to validate
Assumption 2 made in the previous section. In particular, we
try to show that, under well-known combination rules like the
uniform combination or metropolis rule, we have >, ¢ g;; =
Ls/N. For this, we consider a network of N = 50 nodes and
form a 50 x 50 connectivity matrix, first with 20% connectivity,
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Fig. 3. Network MSD versus number of sparsity-aware nodes (L) for different values of p.

i.e., having only 20% of the links between all possible pairs of
nodes in place. Then, using the metropolis rule, the combination
weights are determined. Next, we select a subset S of the given
N nodes randomly to be the set of sparsity-aware nodes, and for
the chosen S, calculate ) . ¢ g; ; for each jth neighborhood
(1<j < N) and evaluate their spatial mean and variance.
Then, keeping the size |S| (= L,) fixed, the experiment is run
100 times, and an ensemble average of the aforementioned
spatial mean and spatial variance, for example, pr,, and 0%5,
respectively, are calculated. This is done for each value of L in
the range of 1-50.

The aforementioned experiment is then repeated for 50%
and 80% connectivities. The simulation results are displayed
in Fig. 1 by plotting p,, and the two levels, pr, £or, (i€,
approximate range of fluctuation) vis-a-vis L, for each level
of connectivities. Two observations follow easily from Fig. 1:
i) pr, for any L is given by Ls/N irrespective of the level
of connectivities, and ii) as the connectivity increases, a%g
decreases for any L. This validates Assumption 2. '

Next, we consider a strongly connected network of N = 30
nodes with a topology as shown in Fig. 2. The weights of the
network edges are assigned by the uniform combination rule
[1]. Since all the nodes have more or less the same number of
neighbors, the symmetry and doubly stochastic characteristics
of the combination matrix G are easily satisfied. Also, nodes
for sparsity-aware adaptation are chosen carefully so that the
aforesaid Assumption 2 is satisfied as closely as possible. The
same step size of 4 = 6 x 1072 is chosen for all the nodes.
Also, the input as well as measurement noise is taken from iden-
tical Gaussian distribution with 02 =1, and 02 =1 x 1074,
respectively across all the nodes. The goal of the network is to
estimate a 128 x 1 vector wy which is highly sparse (only one
coefficient being nonzero). To estimate this, the value of p is
first kept fixed at 2 x 1079 for all the L, sparsity-aware nodes,
and L is varied over 0 to 30. For each L, chosen, the adaptation
of the network is carried out for 3000 iterations, and the steady-
state NMSD is evaluated by taking the ensemble average over

1000 independent runs. The NMSD is then plotted as a function
of Ls. Next, the value of p is increased progressively, taking the
following values: 4 x 1076, 6 x 107%,1 x 1072, 2 x 1075 and
4 x 1075, and for each value of p chosen, the same exercise is
carried out.

Fig. 3 displays the steady-state NMSD vis-a-vis L, with p as
a parameter. The following can be easily observed from Fig. 3:
i) The minimum value reached by each NMSD-versus- L plot
is the same for all the plots, and ii) as p increases, the value of
L, where the minimum occurs reduces and vice versa. In other
words, Fig. 3 validates the theoretical conjectures made in this
brief.
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