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Multichannel ARMA Modeling by Least
Squares Circular Lattice Filtering

Mrityunjoy Chakraborty and Surendra Prasad, Member, IEEE

Abstract— This paper makes an attempt to develop least
squares lattice algorithms for the ARMA modeling of a linear,
slowly time-varying, multichannel system employing scalar
computations only. Using an equivalent scalar, periodic ARMA
model and a circular delay operator, the signal set for each
channel is defined in terms of circularly delayed input and
output vectors corresponding to that channel. The orthogonal
projection of each current output vector on the subspace
spanned by the corresponding signal set is then computed in a
manner that allows independent AR and MA order recursions.
The resulting lattice algorithm can be implemented in a parallel
architecture employing one processor per channel with the data
flowing amongst them in a circular manner. The evaluation of
the ARMA parameters from the lattice coefficients follows the
usual step-up algorithmic approach but requires, in addition, the
circulation of certain variables across the processors since the
signal sets become linearly dependent beyond certain stages. The
proposed algorithm can also be used to estimate a process from
two correlated, multichannel processes adaptively allowing the
filter orders for both the processes to be chosen independently of
each other. This feature is further exploited for ARMA modeling
a given multichannel time series with unknown, white input.

I. INTRODUCTION

EAST squares lattice (LSL) algorithms have attracted
a great deal of interest in recent years in the fields
of adaptive filtering, estimation, control, and system iden-
tification. The advantages of these algorithms, like higher
convergence rates, order recursive structures, and better nu-
merical properties, have been well recognized. Most of these
algorithms can be extended to the multichannel case directly
by replacing the scalar variables of the single channel LSL
algorithm by appropriate matrix and vector quantities. The
resulting algorithms, however, turn out to be too slow to
be of much practical interest because they need to depend
heavily on computationally expensive matrix operations like
multiplication, inversion, Cholesky factorization, etc. This
problem has been studied by various authors over the past few
years, and methods have been suggested [1]-[4] to overcome
this by scalarizing the multichannel LSL algorithms in an
appropriate manner.
In this paper, we have proposed a scalar LSL algorithm for
identifying a slowly time-varying, linear, d-channel system,
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which is either known a priori to be, or, being modeled as a
d-variate ARMA system, which is given by

P q :
z(k) + )_A()s(k — i) = w(k) + D_BGw(k -j) (1)
i=1 j=1
where A(i)’s and B(j)’s are, respectively, the d x d AR and
MA coefficients, z(k) and w(k) are, respectively, the d-variate
output and input processes and p and g are the AR and the
MA orders, respectively. The parameters A(:) and B(j) are
assumed to be varying with time slowly, and it is required
to estimate and track them adaptively by an appropriate least
squares minimization procedure. The classical approach [5],
[6] to this problem assumes the AR and the MA orders to
be identical and replaces (1) by a 2d-channel AR model of
the joint output/input process [z(k),w’(k)]", which can be
identified by using the scalarized, multichannel LSL algo-
rithms [1]-[4]. Because only those models having identical
AR and MA orders are generated, this approach requires the
introduction of a total of |p — ¢| additional AR or MA terms
with zero coefficients in (1), depending on whether p > ¢
or otherwise. These additional terms, however, lead to an
unnecessary increase in the computational requirements. A
more elegant approach to this problem, in the single channel
case, has been suggested recently by Karlsson and Hayes [7],
where they have identified the prediction errors that provide
a complete characterization of an ARMA process in the same
manner as the forward and the backward prediction errors
characterize an AR process. These prediction errors can be
order updated in a manner that results in separate AR and
MA order update blocks. The cascading of these blocks gives
rise to an ARMA lattice filter that evaluates ARMA models
of all possible orders up to any chosen maximum order. (A
similar work using algebraic formulation has been presented
in [8]). In a direct d-channel extension of this approach, the
prediction errors are, however, given by d x 1 vectors, and the
PARCOR coefficients and the residual energy variables are
obtained as d x d matrices. Updating of these quantities then
requires multiplication and inversion of a set of d "« d matrices
in each stage of the lattice and for each input sample, which
gives rise to an enormous increase in the overall computational
cost. In this paper, we propose a computationally efficient
multichannel extension of the Karlsson-Hayes approach, which
involves purely scalar operations whose computations can be
mapped on a pipelined d-processor architecture.
The derivation is based on an alternative realization of
z(k) in terms of an equivalent scalar, periodic ARMA model
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developed in [9], which we briefly describe in Section II. A
LSL algorithm is then developed in Section III to identify
this equivalent scalar model that permits independent order
recursions in both the AR and the MA orders. The resulting
lattice filter, which is introduced as the “least squar s circular
ARMA lattice (LSCAL) filter,” is made up of a cascade of
certain basic building blocks, each of which exhibits identical
lattice sections for all the channels, pipelined in a circular
manner. Two applications of the proposed LSCAL algorithm
are considered next in Section IV—one in the context of
estimation of a process z(k) from two correlated mt Itichannel
processes z{ k) and u(k) and the other in the context of ARMA
modeling of a multichannel time series with unknown white
input. Notations similar to those used by Karlsson iand Hayes
[7]1 have been followed throughout this presentation for the
convenience of readers who may be familiar with tieir work.

II. REVIEW OF THE SCALAR REPRESENTATION
OF A VECTOR ARMA PROCESS

Assume that w(k) has a positive definite covariance matrix
Q. ie., E[w(k)wf (k)] = Q (the superscript ‘h” denotes
Hermitian transposition). Then, the Cholesky facto:ization of
Q gives Q = LDLY, where L is a unit lower triangular
matrix, and D is a diagonal matrix with real, positiv > diagonal
entries. Introducing a new input vector u(k) in (1), where
u(k) = L™ w(k), we obtain

L™ 'z(k) + }p:L-lA(z‘)x(k — 1)
i=1

=u(k) + Y _L™'B(j)Lu(k - j).

i=1

@

Next, consider two scalar processes y(n) and v(n) related to
z(k) and w(k) by y(r+ (k—1)d) = z.(k), v(r+(k - 1)d) =
up(k), 7 = 1,2,...,d. Replacing the components of z(k)
and u(k) in (2) by the corresponding elements of y(n) and
v(n), respectively, and equating the rows of the L.H.S. and
the R.H.S. of the matrix equation (2) separately, w: find that
y(n) corresponds to a periodically stationary ARMA process,
which is given by

ym)+ 3 an(i)y(n — i)
i=1-

—o(m)+ Y ba(G)eln - j)

=1

3

Where‘an(i) = an+ld(i)>bn(j) = bn+ld(j)7pn = Pr+idyGn =
gn+14 for any integer [, and y(n) and v(n) are two pc¢ riodically
stationary processes, i.e., E[y(n + m)y*(n)] = Elyn + ld +
m)y*(n+1d)] and E[v(n+m)v*(n)] = E[v(n+ld+m)v*(n+
ld)] (the superscript ‘“** denotes complex conjugaiion). The
parameters a,,(z)’s and b, (5)’s in (3) are given by the: elements
of the matrices L™, L *A(I)’s and L™'B(J)L s in (2),
I=12,...,p,J =1,2,...,q, and the index ‘n’ is related
to the index ‘k’ asn =7+ (k— 1)d,r =1,2,...,q. If w(k)
is given to be white, v(n) becomes a periodically stationary
white process. In fact, it has been shown in [9] that if (1)
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is the innovation representation of the multivariate ARMA
process, then v(n) turns out to be the innovation (i.e., infinite
order prediction error) sequence corresponding to y(n). The
relationship between the two models (1) and (3) is one-to-
one, i.e., given (3), one can always get back the multichannel
model (1) by a reverse procedure.

III. DEVELOPMENT OF THE LSCAL ALGORITHM

A. Basic LSCAL Recursions

As stated earlier, our objective is to develop a LSL algorithm
for identifying the equivalent scalar, periodic ARMA model
(3). Using the periodicity of (3), this can be formulated as
d simultaneous least squares estimation problems. For con-
venience, a real-valued, prewindowed data set is considered,
i.e., the data available at index k is given by {z(l),u(!) |
1 <1 < k}, and it is assumed that z(l) = wu(l) =
0,/ < 0. The algorithm is then developed using orthogonal
projection operations in the Hilbert space Hj of all real
k x 1 vectors with the following inner product: (z,y) =
LA APig(i)y(i),z,y € Hp,0 < A < 1 (‘X is the
usual forgetting factor). The two notations ||a|| and (y) are
used in this paper to denote the norm of a vector a and the
subspace spanned by the single element y, respectively.

Let us define the present output vector z,(k) and the input
vector u,(k) for the rth channel » = 1,2,...,d as follows:

z.(k) = [z-(1),2-(2),...,z.(K)]*, 7= 1,2,...,d,
u, (k) = [ur(1),ur(2),...,u-(kK)]%, r=1,2,...,d.

In addition, define the circular delay operator D~ [1],
which takes a vector g.(k), where g,.(k) is either z.(k) or
u.(k),r = 1,2,...,d and produces a circularly shifted version
of that in the following manner:

Dnlyl(k) = [Oagd(l)agd(Z)v e vgd(k - 1)]t (4a)
D7g, (k) =g, 1(k), 7=2,3,....d (4b)
and
0 0
o) o] e
(k)] = |D g, (k) o)
Using these definitions, the data matrix Dy ;,, i,j =
1,2,..., r=1,2,...,d is formed as follows:
Di;jr=[Urjr | Xiir] (5)
where the submatrices Xy ; - and Uy ;. are given by
Xiir = [D7 'z (k), D72z, (k),..., D 'z,.(k)], (6)
Ukir = [u,(k), D7 u.(k),...,D"U Dy (k). ()

(The two indices 7 and j indicate the number of output
and input columns, respectively). The rth channel signal set
Skigrs T =1,2,...,d, at time index k and for the (¢, 7)th
order is next defined as the collection of the columns of
Dy ;i j.r. Let 61 5,5, be the subspace of H}, spanned by Si; ;.
The orthogonal projection of (k) on b ; j », Sy Zx ; j,r(k),
will then be given by a linear combination of the elements
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of Skijr T =1,2,...,d in the following transversal filter

form:
&hijr(k) = ZAIW m)D ™"z, (k)
-1
+ 3 Bl 5 (DD (k). @®)
=0

From the derivation of the scalar, periodic ARMA model 3)
discussed in Section II, it is easy to see that A’ . . (m)’s

and B,{ ij()’s provide the linear least squares estimates
of a,(m)’s and b,(l)’s, respectively, for n = r + (k —
1)d,p, = i and ¢, = j — 1 in (3), based cn data up
to the present index k (The superscript ‘f’ indicates that
Aiur( )’s and B,’;”r(l)'s are associated with a forward
projection operation). In the least squares modeling problem,
we are interested in obtaining this orthogonal projection in an
order recursive manner. More spec1ﬁcally, we want to evaluate
the estimates A,C ijr(m)and B,C i,j.-(1) at each index k for
all 4,7,1 < i < M., 1 <5< NT, where (M., N,) is any
specified maximum order for the rth channel or equivalently
for the nth index in (3), where n = r 4 (k — 1)d. To meet this
objective, we first derive a lattice filter by introducing a set
of prediction errors that provide a complete charecterization
of the scalar, periodic ARMA process y(n). For this purpose,
we apply the approach of Karlsson and Hayes [7] to (3).

Let Py j,» and Pti,j,r denote, respectively, the orthogo-
nal projection and projection error operators associated with
Okijrs 1€ Pti,j,r =1I — Py ; ., As the signal szt for each
channel consists of both input and output vectors, we will be
dealing with two kinds of projection errors—one associated
with the input and the other with the output vectors These are
termed as the input projection errors and the output projection
errors, respectively. We then define the (3, j)th-order output
forward projection error for the rth channel r = 1.2,... d as

r (k). )

w1, 7

i
Py

€k jr =

Similarly, the (, j)th-order ousput backward projection er-
ror by, ; ; » and the inpur backward projection error ¢y ; j », 7 =
1,2,....d can be defined as

bk g = Pk KN rD'(i+1)ZT(k)’

Ck,ijr — Pk,i,j,rD—_ju’TUc)'

(10)
1y

It is easy to see that the order recursive computation of by ; ;
and ¢ ; j» results in Gram—Schmidt orthogonalizaion of the
columns of Dy ; ;, with b ; ;. extending the orthogonaliza-
tion from Dy ; j, t0 Dy y1 - and ¢ ; ;. from Dy, to
Dy ; j+1,- by generating new orthogonal components.

Next, we consider the reduced subspace 6,:)14’ j_l . spanned
by the set {D7'z,.(k),...,D7z.(k), D u.(k),.
D-G-Dy, (k)}, (the superscrlpt “rTon dpii g, mdlcates
that the current input u,(k) for the rth channel has not been
included). Let Pk I and P,C i1 respectively, denote
the orthogonal projection and prolectmn error operators

associated with &, ie., Po+ =1-P; We

ki, —-1,7 ki,j—17 kai,j—1.r"
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can then define three more projection errors corresponding to

6. i1, on analogous lines. These are as follows:
Trijo10= Pk Jiyg— 1r“r(k)a (12)
b;z g-=1r = Pk,iﬂj—l,rD_(i—Fl)zT‘(k)v (13)
Crij—1r = Priio1 D77u(k). (14

The six ermor Vectors ek, bk, i Chigirs Frij_1r:
b;ﬂ., j—1.r and Crijmlr for each channel form a complete set
in the sense that their order updating can be accomplished
by using the definitions (9)-(14) only, and no additional
projection error needs to be defined. The order update
relations are derived by using the following result [10] for
the order updating of an orthogonal projection: Suppose
we have a set of vectors U = {u; | ¢ = 1,2,...,p},
and {U} represents the subspace spanned by U, with Py
and P'L",L being, respectively, the associated orthogonal
projection and projection error operators. If an additional
vector v is appended to U, then the subspace {U.v} can be
decomposed as {U.v} = {U} & (Pl ). For any vector z,

we then have Py .,z = Pyz + iﬂ%‘%P v. Noting that
z = Pyz + Pz, (Ppv, Pyz) = 0 and PU‘U =1= Py,
the projection error Pﬁvz can be obtained as
Pjv, Piz)
P}z = Piz- (—L—L—Puv (15)
' P2

The order update relations for the projection errors, which are
defined in (9)—(14), can be written down using the general form
(15) and are listed in Table I, where for each projection error,
the corresponding expressions for {U}, Pév, and z are also
shown. These relations involve a set of multiplier coefficients
(which are popularly called “reflection coefficients”) given by
ak,r(i’ J)7 /Hk,r(zv ])v 7k,r(i7 J)v ﬂk,r(iv J)’ (X;qu(i. ])7 ﬂl’c,r(z’])
Vi, (2. 7), 1y (4, 7). Each of these reflection coefficients cor-

responds to the multiplier term %— in (15) and can be

evaluated by substituting Pjv and Pﬁz by the corresponding
expressions given in Table I. Since only the current compo-
nents of the projection error vectors are to be computed by
the lattice filter, the order update relations are given not in
the vectorized form (17) but in a scalar form by taking the
kth entries of the L.H.S. and R.H.S. of (15). Note that the
two prediction errors ey i, j»(k) and f; ; (k) can be updated
separately in the AR and the MA orders (i.e., in the indices
¢ and j, respectively).

B. LSCAL Building Blocks

The order update relations derived above can be used to
construct the basic building blocks of the LSCAL filter. We
begin by considering the prediction error ey ; ;-(k). Ideally,
ek,i,j,r(k) =0for ¢ = pp, and j = ¢, + 1, (pn, ¢n) being the
true order of the equivalent scalar, periodic model (3) at index
n, where n = r-+(k—1)d. This implies that in order to identify
the correct order of the system followed by the evaluation of
the system parameters for that order, it is first required to order
update e (k) in both the indices ¢ and j. Assume that

Authorized licensed use limited to: INDIAN INSTITUTE OF TECHNOLOGY KHARAGPUR. Downloaded on June 24, 2009 at 04:03 from IEEE Xplore. Restrictions apply.



CHAKRABORTY AND PRASAD: MULTICHANNEL ARMA MODELING

2307

TABLE 1
ORDER UPDATE EQUATIONS FOR THE PREDICTION ERRORS. ONLY THE kTH COMPONENTS ARE CONSIDERED. THE INDEX r RANGES FROM 1 TO d.
Order update relation {U) Pﬁ v z
N .- - - —(i+1
b KD = bz 1,00 = e i Dz 18 | Sz, faijay | D G+ g1y
ki) = Cijj 1,00 - Bl i1, ®) | Sgijeay | eijory | D7 uAR)
For r=2,3...,d, (i+1)
- L ~(i+
bk,ij—l,r(k) = bk,i—l‘j-.l,r—l(k) - 5k,l—1,}—1,}‘-1 ek,l—l,]-l,f—l D Ir(k)
Yk,r_1(i*1\l*l)ek,i—l,]—l,r—l(k)
For r=1, -(i+1)
- Sk-1i-1j-14 | ®-1i-1j-1d D x1(k)
brj-11K) =bg-1i-1j-1,4tk1) - it
Ye-140-17-1) eg_q i 1j-1,4(k-1)
For r=2,3...,d, .
- Lo Loy -
Ck,i,j—],r(k) = Ci-1j-1,-1K) - Ski-1j-1r-1 | €ki-1j-17-1] D7 ulk)
B 1G-1-1 e q;1,-106)
For r =1 .
’ Setiotioid | @tiviigd D7 uyk)
- k-1i-1j-14d k-1,i-15-1d] 1
hij-1,1%) =Ck-1,-1j-14K-1) - J J
B-1q0-17-1)eg 115 140-1)
/.
€heij k) = €17 00) = v (i-19) by 7,(k) Ski-1jr bri-1jr x,(k)
/..
€k ij k) = e o1/ (K) — iy (i -1) e jj 1 (k) Okij-1r Ckij-1r x,(k)
- - I - - -
Fieiir%) = i1 K) = e Mi-Viv by 5, 0) | Okivjr bri-1jr u,(k)
- - A - -
TR =Fiejj-1,/0) = B -1 g 06) | Epiiqy Ckij-1r u (k)

for r = 1,2,...,d, e, ;r(k) has been computed rccursively
up to the {(z — 1),(j — 1)}th order, i.e., ex;—1,;.-1,-(k) is
available for all the channels, and it is required to obtain the
same for the {¢,j}th order. This can be done in two ways,
namely, a) generate ey ; j_1,(k) first followed by €4 ; »(k),
ie., AR updating first followed by MA updating, and b)
generate ey ;—1,;,-(k) first followed by ex; ;~(k), ie., MA
updating first followed by AR updating. For a two-channel
model, methods a) and b) are illustrated in Fig. 1(a) and (b),
respectively, where order updating of the other input signals,
Le, ;ioar(k),bkiz1,-1,r(K), fi; ;o (k) in the case of
Fig. 1@@) and by, ;_y (k) cri-1,-1,0(K) o i1, (K)
in the case of Fig. 1(b) are also carried out. This makes both
Fig. 1(a) and (b) compatible for cascading.

Both the AR and the MA update blocks are structurally
identical except for the multiplier coefficients and the signals
appearing at various nodes. Each block has identical lattice
sections for all the channels, implying that the latt.ce recur-
sions for various channels can be carried out in parallel by
employing one processor for each channel. The processors
are pipelined circularly in the following manner: For 7
2,3,...,d,b; ;. (k) and C.i j—1,-(k) are compuied by the

(r — 1)th processor (i.e., processor employed for the (r — 1)th
channel) and transmitted to the rth processor and for r =
Lbeirsj-11(k+1)and ¢, ;. (k+1) are computed by
the dth processor and transmitted through a delay to channel 1.

Both the AR-MA configuration of Fig. 1(a) and the MA-AR
configuration of Fig. 1(b) can be used for orthogonalizing the
columns of Dy ; ; » in the Gram-Schmidt manner. In the case
of Fig. 1(a), the orthogonalization is extended from Dy ; ;_1
t0 Dy ;41,5 via the generation of the orthogonal components
Ck,i,j—1,r and by ; ; . In the case of Fig. 1(b), similar extension
of orthogonalization from Dy ;1 j - to Dy ; j+1,- results from
the generation of by ;1 ;, and ex; jr.

Both Fig. 1(a) and (b) assume the availability of
€kyi—1,j— m(k) at their inputs and generate, respectively,
the following two sets of output forward prediction errors:
{ex.ii—1.-(k) ex,ijr(k)} and {ex;i—1,jr(k), exs,5(k)}. In
general, the set of output forward prediction errors generated at
the various stages of the order recursive computation depends
on the order in which the elements of the signal set Sk.ijr
are selected. Suppose that the scalar, periodic ARMA model
(3) has an order (p,, gn) at index n, where n = r + (k — 1)d,
implying that the order recursive evaluation of e ; ; (k) has
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Z-l
€y,ij-1.1(k) + Cr.ij1(k)
i,j—1)
- i,j—1)
bgiviil(k) | 1Cuirtj-1.1(k)
Crij-1,1(k) bk,i,j,l(k)
j-1)
- -1 _
fk-i»j-l.l(k) fk,i+1,j—1,1(k)
€xi-1,4-1,2(K) o €y.ij-1,2(K) S €z (K)
(i,j+1)
B . (lv.]- l)
Crij-22(k) Chivnj-1,2(k)
b jo1200 Disy2()
k,‘ 1,j-1,2 Ceali, j=1) k.i.j.2
’ .
_ i,j—2 - Ky o(i, j—1) _
fk,i,j—2,2(k) J ) fk.i.j-l.z(k) | . i1 2(k)
+ ~ + \L' . v '
AR BLOCK MA BLOCK
Fig. 1. (a) AR-MA recursions.

to be carried out up to the term exp. 4. 4+1.-(k). Then, the
order in which the elements of S . q.+1,»- may be selected
is described by the sequences S1, S2, and S3 (from left to
right) as given below:

S1: {D7 'z, (k),u.(k)},...,{D7 Pz, (k), D" u,(k)},

ifpr =gn+1,
S2: D'z, (k),..., D@ Ug (),
{D=@n=)g (), u,.(k)},...,
{D7P z.(k), D™ ur(k)}, if pn > gn + 1,
$3: up(k),..., D~ "Prly (),
(2 (k), D™ @ =Pt Dy (K)},...,
{D7?rz,.(k), D™ u,(k)}, if p, < g +1

where a sequence of the form {y;,21}, {92, 22},..., {9, 2}
implies two possible orderings: a) y;, 21, Y9, 22, ..., ¥, 2; and
b) 2z1,9;,22,Y;,...,2:,¥,. This implies that in the case of
S1, two different sequences for ey, j, » (k), each terminating
at ek p, q.+1,r (K), are possible, and they are as follows:
a) ex,0,0,r(k), er,1,0-(K), ex1,1,-(K), ex21.0r(k), €r22.,-(k),
.y b) eroor(K), eronr(k), exaar (), er12-(k),
ek.2.2-(k),.... In other words, one can update either in
the manner of “AR-MA-AR-MA-...)” or “MA-AR-MA-
AR-...” In the cases of S2 and S3, however, the first

(pn — gn — 1) and (g, — pn + 1) steps, respectively, involve
AR and MA updating only, resulting in the following
SeqUences: C) €k 0,0,r,€k,1,0,r; €k,2,0,r>---5 and d) eg 0.7,
€k,0,1,rs€k,0,2,55 - - (k0,00 (k) = 2, (K)).

We therefore need to modify the AR and MA recursions
for the following two special cases: a) ARO recursions where
7 is held at 0 and ¢ is incremented and b) MAO recursions
where i is held at zero and j is incremented. As seen
above, cases a) and b) arise, respectively, in the first (p, —
gn — 1) and (¢ — pn + 1) stages of the sequences S2 and
S3. Noting that for j = 0.b;,, = briorbroor =
D'z, (K), fr o0, = ur(k),Crior = fr o, and identifying
those sections of the AR-MA recursions where 7 remains fixed
while i gets incremented, the ARO building blocks can be
derived. For a two-channel model, this is shown in Fig. 1(c).
Note that the ith order ARO lattice, while orthogonalizing
the columns of Dy ;11,0,, generates the orthogonal vectors
br,0,0,r: bk, 1,052 bk 0 forr=1,2,...,d.

Similarly, for i = 0, we have ¢, o, . = D™ 'u,(k). In addi-
tion, ¢; .. = Cko,jr-1 for r = 2,3,...,d, and Croj1 =

t
‘Lo,cfc_l‘(),j’d] for r 1. Identifying those sections of
ig. 1(b), where ¢ remains fixed while j gets incremented,
we obtain the MAO building blocks as shown for a two-

channel model in Fig. 1(d). The jth-order MAQ lattice pro-
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Z
€0 j.1(K)
if-1,j-1) i—1.j)
.—1,_]’—1} 1_1’.]) _
L_bk.l,J l(k)
_Ck,i—l,j—l,l(k ) . bk,i-l.j,l( ) Crigualk)
1— 1!.]_1) Bk.l( 1, J_l)
/
- i-|t.j-1) - lli =0 -
frimtjor.4(k) Al . frij-1.1(K) h J frigd%)
+'\b *76/
ek'i_l,j_l'z(k) + ek.i~l.j.2(k) +'f1\ ek,i,j‘2(k)
’ . .
Yz J(i—|1,))
_ 7k.2 (1— 1!]) _
Ck,i,j-1,2(k) -9 ' bk.i.j.‘z(k)
*o -
Curi-1j-1.4K bioiia(k) / Cuijalk)
Qe i-1,j-1) i Brali, j-1)
/ . .
. CX, .—l,.—l _ Bk'g(l,_]_l) -
fk,i-l,j—l,Z(k) el i J ) fk,i,j-1,2(k) h fk,i,j.E(k)
& i
MA BLOCK AR BLOCK
Fig. 1. (b) MA-AR recursions.
duces the orthogonal vectors ¢k 0,0,r,€k.0,1,r---,Cs,0,2, fOr also uses two angle parameters [10], Mherijor and ;-
r=12....d (x(k), P+, x(k)) and

Note that an ARO block can be directly interfacec to a MA
block input by using the relation ¢ i 0, = fy ;0. I1 the case
of MAO-AR interface, we modify the MAO block into a MA
block by noting that for r = 2,3,....d,by ;. = €x0,jr-1

and for r = Lby,,; = [0, ei_l’g’]'dli This is shown in
Fig. 1(e) and can be connected to an AR block in the usual
MA-AR manner.

The LSCAL algorithm is listed in Table I for the
case having M ARO stages followed by N MA-
AR stages (other cases can be handled in i similar
manner). The algorithm recursively updates tke lattice
parameters, namely, the PARCOR coefficients and the
residual energy variables, which are given, respectively,
by the numerators and denominators of the reflection
coefficients. The PARCOR coefficients are defined as
p}'b(k,i,j,r) = {frij-1. b):,i,j~1m>’ P;c(k:“jv’") =
(Feij-1r c;,i,j—l,r>’ Ppelkingir) = (Brijr €kijr),
Poc(k, i gor) = (Ckijri€rijr), and the energy
variables are denoted by €f ki jr ki €0k i g rs
€by; j ri€Ck,i g €€k, ;. (€ is the norm-square functional on
Hy, ie., ea = |la||?,Va belonging to Hj). The ilgorithm

and are given by 7],;‘i’j‘r = ki
Mhigr = (w(k),Pkl’i’j,,r(k)), where w(k) is the & x 1
pinning vector, i.e., w(k) = [0,0,...,1]%. The update relations
for these variables and the initialization of the algorithm
are not discussed here. These follow directly from [10] and
are given in [11].

C. The Complete LSCAL Filter

Here, we develop the complete LSCAL filter using the
building blocks discussed above. First, consider the case where
the AR order is greater than the MA order in (1), i.e., p > ¢. It
is easy to verify that the AR and MA orders of the equivalent
scalar ARMA model (3) at index n, where n = r + (k — 1)d
are given by p, = pd+ (r — 1) and ¢, = qd + (r — 1).
Thus, for d > 2 in (1), we have p,, > g, + 1 if p > ¢q.
In other words, the first (p, — g, — 1) stages of the LSCAL
filter for the rth channel will involve ARO recursions only.
However, the important thing to notice here is that the quantity
(pn —gn—1) = (p—q)d — 1 = P (say) is a constant
and independent of 7, i.e., same for all the channels. The
corresponding recursions can, therefore, be carried out for all
the channels together by cascading p ARO blocks generating
ek5,0,-(k) at the output for r = 1,2, ..., d simultaneously.
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X, (k) €x.0.0.1(k) + ek,x,o,l(lfl €ri-noa(k) . €ri0.(k)
0,0) Yy i =1,0)
- 0, - - i[-1,0 -
Do) D biio®  [bre0 /Nl THO
bk,o,o,l(k) bk.l,O,l(k) bk.i—l.o.l(k) i bk‘i,O,I(k)
l ' /
N O, (040 B . o i1, _
u,(k) fi00.(K) 2 kl( : fk.l,o,l(k_) fric1.01(K) b ki fi1.0) fiio.(k)
Ci.0.01(k) S Crroa(k)  Cri-rou(k) e Cio,1(k)
Xa(k) €ro0z2(K) + ek,l,o,z(__) €ri-1,02(k) + €i02(k)
b;.o.o.z(k) bk-,l,D.z(k_) by oz (k)
bio,0.2(k) by 102( ) | bricroz(k) brioz(k)
oK) fieo02(K) fk—.1,o|2(k) fei-ro2(k) Sl 171,0) fii02(k)
Ck,D,O,Z(k) Cy1.02(k) Ck.i—l,o,z(k) + Ciioz2(k)
1st ARO BLOCK i—-th ARO BLOCK
Fig. 1. (c) ARO recursions.
X, (k) €x00,1(k) + €xo0,1,1(k) | €xoj-1.1(k) + € k0,51 (k)
0,0)
C;.O.l,l(k) C;O-rl.l(k’ C;.O.j.l(k)
Cio,.1(K) | Croy-1.i(k) Croilk
u,(k) 0.0) o o 01y | [Teon®
0,0) _ - 0.i—1) )
froi(®) | fuosiik) U TS
X, (k) €1.0.02(Kk) R €ro12(k)  €roj-12(k) s €1,0,4,2(k)
Ha2([0,j=1)
Cro1.2(k) Ci.0,-1,2(K) LTi;,o,j,z(k)
U (K) Cr.o.02(k) Cro12(k) | Cpo;(20k) : ) Ek,u.,’,z(k)
2 Bk,z( O,J— 1)
fk_,0,0,Z(k) fk—,O,l.Z(k) fl;o.j—l.f“‘:} ﬁk'Z(O’j_l) fk—,o,j_g(k)
| D

Ist MAO BLOCK J—th MAO BLOCK
Fig. 1. (d) MAO recursions.
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€x0j-1.1(k) o €010k}

0,j—1)

0,j—1)
C;,l,j—l,llk)
byoalk)

0, j—l)

0,]i-1) -
fit gm0
€1,0,j,2(K)
Cla -2k}
bk,O,J,Z(k)
fk-.l,j—l,Z(k]

Fig. 1. (e) Modifying a MAO block for MAO-AR interfaciny;.

The remaining (p, + ¢n + 1 — p) = 2(gd + r) stages are
realized by cascading AR and MA blocks as shown in Fig. 2,
where the ‘ARMA’ block is either an AR-MA o1 an MA-
AR combination. Clearly, the total number of ARMA blocks
required to complete the order recursive procedure jor all the
channels is max{(¢d +7) | 7 =1,2,....d} = (¢ + 1)d. In
addition, observe that the quantity p is a function of (p — ¢),
and therefore, for all models with orders (p+m, g+72), where
m is an integer (m > —q), the first j stages remain the same,
i.e., a cascade of p ARO blocks. On the other hand, if ¢ is
kept fixed but p is varied, then every increment or cecrement
in p results in the addition or deletion of more ARO blocks.
Similarly, when ¢ > p, we have p, < g, + 1. Therefore,
the first (g, — pn + 1) = ((¢ — p)d + 1) = q (sey) stages
consist of MAO blocks only, and this remains unch.nged for
all models with orders (p+m, g+m)(p > —m). The iemaining
(Pnt+gn+1—7) = 2(pd+7—1) stages are realized by cascading
(pd+d—1),ie., max{(pd+r—1) | r =1,2,...,d}) ARMA
blocks. In addition, every increment or decrement in g with p
fixed adds or deletes d more MAO blocks. The LSC AL filter
shown in Fig. 2 thus evaluates ARMA models of al possible
orders. Once the true orders are established, the rzcursions
corresponding to other branches can be discarded.

One important thing to be noticed is that while for the rth
channel the total number of elements in the- corresponding
signal set is (pn, + qn + 1), where (pn,qn) is the true order
of the scalar model at index n = r + (k — 1)d, the associated
lattice recursions, however, involve only [(p, + ¢ + 1) —
(r — 1)] stages. This is because, for true choice of t1e model
order (pn.,¢n), the signal set Sk, q.+1,7 forms & linearly
dependent set with the dimension of the subspace 6 ., g +1,7,

spanned by its elements, reducing to [(p, + g, + 1) — (r —
1)]. This is proved in the following proposition, where, for
convenience, we have replaced p, and ¢, by p. and g¢,,
respectively, using the periodicity of the model orders.

Proposition I: The dimension of 6 ,_ ¢ 41, = (Pr +¢r +
H-(r-1),r=12,...,d

Proof: We prove the result by induction. Assume that

the result is true up to r = wm, where m is an integer
such that 1 < m < (d — 1). We will show that the result
is true for r = (m + 1) as well. Consider the signal set
Sk pmit gms1+1,m+1, for the (m + 1)th channel, given by

Sk,Pm+1,qm+1+1,m+1
= {D_l$m+1(k)‘ D—2Im+1(/€), ey D_”’“+1:l:m+1(k),
a1 (k). D g (k), ..., D7 g (k) ). (16)

From the definition (4b) and the fact that p,,41 = p, +
1,qm+1 = gm + 1, we have

Sk,Pm+1,Qm+1+1,m+l

= Stpmgmt1m (J{Em (B)} | {um 42 (F)}.

However, as p,, and g, are, respectively, the true AR
and MA orders of the equivalent scalar, periodic ARMA
model (3) for the index n = m + (k — 1)d, z,, (k) will be
given by a linear combination of the elements belonging
to Skp,..q.+1,m. This implies that the space spanned by
the set Sk, q.+1,m U {zn(k)} will be the same as
Ok pm.am+1,m, and therefore, its dimension, by assumption,
will be [(pm + ¢m + 1) — (m ~ 1)]. From this and (17),

an

Authorized licensed use limited to: INDIAN INSTITUTE OF TECHNOLOGY KHARAGPUR. Downloaded on June 24, 2009 at 04:03 from IEEE Xplore. Restrictions apply.



2312 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 42, NO. 9, SEPTEMBER 1994

TABLE 1
LSCAL ALGORITHM FOR THE CASE HAVING M ARQ RECURSIVE STAGES FOLLOWED BY N MA-AR Brocks. (The “do-par—end-par” loop indicates the
operations that can be done in parallel. ¢ is a very small positive quantity (of the order of 0.001) to be supplied to avoid divisions by zero.)

Initialization {p, (ki0,n P
X0 =0; €€ir0r = €4hios e ;
do-par,r = 1,2,...,4d, ‘ _"'_"Z"P
€00, = €foon, = €bogo, = 8 efrinar = €Sios - M;
end-par €by;o,
For i = 0to (M-1) begin
do-par,r=1,2,...,4d, Forr=23,...,4d,
P 0,40,7) = pp(0,i0,r) = 03 - - _ P ki:0,r-1) .
end-par bk.i‘l.o;(k) = by (k) €0t 'et.i.o.r-x(k)’
boi0d0) = €0 (0) = 0; ebgi0 = €y 0y =8, . : {py (ki 0r-1) P
end ebing, = €bypry - ——
€01

For i = M to (M+N-1) begin
do-par, r = 1,2,...,4d,
P 0.4i-Mr) = pa(0,ii-Mr) = p, (0,i,i-M+1,r) _ _

g bos®) = b0 k1) - L2 Ly,
= pa0,ivLi-M) = 0; eis1,00K) = By yi0,£k-1) o, sodk-1)
end-par R B {p, (k-1,i,0d) ¥
Conimd® = € d® = boiisn L0 = € pn 0 = 0: | €Dyign = €Byey - — ——;
€Coui-ma = €Cou-ua = Poiimng = CCopmaa = 85 end-par
end end
do-par, r = 1,2,...,4d,

a0 B = Fipo,B)5 €Cp0, = €fino,s

Forr =1,
Py(k-1,,0,d)

€€ 104

Beginning of iteration end-par

 0-th stage :
do-par,r = 1,2,...,4d, Next N MA-AR blocks :
€00, K = x(K); €eppy, = )"e"t-l,o.o; + xf(k); For i = M to (M+N-1) begin

Sioo, B = uR); €fipo, = A€fiip0, * “rz(k);

Neoor = Mkoor = 1 MA-Block :

Forr=2,3,...,d, do-par,r =12 ...,4

g . 3 4 {cy.. 0 ()P
bioo/®) = x, ()5 €bygo, = Aeby g0, + xR Neii-setr = Nhiiory ~ :u e
Forr =1, Chii-My
biooak) = xfk-1); ebygy = Aeb g4, + Xylk-1); NeiriMr = Neiiy - M-’
end-par €byyim,
e - tiio cl,i.i—”,r(k)‘ekj,i-hl}(k),
First M_ARO recursions : Pedbbi=Mr) = RpekoLii-Mn) + Teir
For i = 0 to (M-1) begi - - . Srii-aa, )by pg (B
lopar,t <12 Pralkii-M) = A-pr(k-Lii-M) + _ML"IT*”L
{bg o B P . kit
- = = - et . kyisi-M,r)
Neiv10r = Migeroy = Mo - » e k) =e.. . (% - p“(— (K
b, hid-o1, ) = gy, K) o hi-u,8) 5
. ) beio K)o, (k) s(isi-M,
sz(k,l,o,l') = A-Pb,(k'l.l,(),f) + M_; bk,iJ—Md.r(k) = bk,—i,j~M,r(k) - M-fk:ilj_u,(k 3
Mkior € frii-ms
. . beio R fri0, k) “kii
- -1 R0 TTIhi0rT B N kii-My)
Plt0r) = oplk-Li0n) « =277 Fori® = g - 2D o
*ion) Neior ebyiu,
Ppki0r) ' S
ehinno®) = ey 8 - =T b, () cep s, = ety s, - Pelbbi-MDF
€040, kiji-M+1ry kij-Mr €Cyim, 4
] ) Palki0n) | '
Foinro B = fio by - L2 b ()
ebk.l.o.r
it then follows that the dimension of 8k, ,,,gmy +1,m+1 = is seen to be equal 10 [(Pm+1 + Gm41 +1) — (m + 1) — 1)].

[(Pm +gm+1)—(m—1)]+1, which, after some manipulations, This proves that the result is valid for r = (m + 1) as well.
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TABLE 1I (cont’d)

{pplkii-Mn P

€byispas = €byiim, ~ "
€ fuii-ms
{ppkii-M,r)
- - £o\%ohs ) A
efritimy = €friimy — ———————
ebyiim,
Forr =2,3,...,d,

P, (kii-Mr-1)

Ck:iolj_M,(k) = ck,i,i—MJ—l(k) - € i,i—M,r-l(k);

do-par,r =1,2,...,d,
{bl:.ij—Md,r(k) F .
eb ’

kii-M+lr

{egim,BF

Neioti-Melr = Nkii-Mere =

Nijori-Me1y = Nijeli-My N
€ Chinti-My

P kii-M+1,r) = A.p, (k-Lii-M+1,7r) +

€ ChiiMr1
- {p, (kii-Mr-1) P
€Chinti- =€l T
kisli-My kii-M,r-1 € e
Forr =1, R
R p_(k-1,ii-M,
Ck.i'lJ—M.l(k) = Ck-l,i,i-M,jk_ - _“';c_— € k-u,.‘.u/(k_l) 5
k-1,ii-Md
; {p. k-Lii-MaA) P
€Chiti-M1 = €Cpyimd ~ T e .
k-1,4i-Md
end-par
AR-Block :

bk,i,i -M-+ ;(k) 'ekj,i -M. ,1,(]‘) .

{ppki+Li-MPF

€Ciri-Miy = €Chivti-My ~ n 5
€frini-uy

- s {ppkis1i-Mp P

€ fristi-mery = €feitionr - — 4
€Civi-Mr

Forr=23,...,4d,

beierimn B = by, -
0, (ii-M+1,r-1) .
— —— i1 R
€€ ii-May-i
. {p, (kii-M+1r-1) ¥
€bgaimar T €bhiimay - —
€€ ii-Mety-1
Forr =1,

bk,_.'u,i-uu,l(k) =b -u,i-ml,d(k’l) -
P (k-1,i,i-M+1,d)
_—_ ‘n-uj»ml,d(k'l) 5
€€ 1ii-Mi1d

_ {p, (k-1,ii-M+1d)}

€y = €Dy i maa - l;_——";
k-14i-M+1,4

end-par

end

end

Tkii-Melr

pf'c(k,i+1,i—M,r) = l.pf;(k—l,id,i—M,r) + -
Niivli-Mr
Py (ksisi-M+1,r)
e %, B
ebyima, R

Prlhsi+1i-Mr)  _
_!‘—___—‘.’rgi.l_i—u,r(k) 5

intimet, B = g B -

Chivti-mer K = Crjerjm, K) - -
€ fiinti-my
Prlki+1,i-M,r)

FARTEYRIC IR RPN (I - <€ peri-m KD 5
€ Chivli-Ms
{py (kii-M+1,1) P
€€ ntimty = €Chiimny T eb . .
bii-Melr

fk;q,‘-u,, (k)'ck;‘¢1,‘-M,(k) i

Finally, to initialize the induction, consider the cise when
r = 1. It is easy to verify by inspection that the el:ments of
the corresponding signal set Sy p, 4, £1,1 are not 1elated by
any linear relationship amongst themselves, implying that the
dimension of &5 5, 4, +/1_,\1 = (p1 +¢1 + 1), which is the same
as [(pr + g- + 1) — (r — 1)] for r = 1. This completes the
proof. O

It is also easy to verify by inspection that the first [(p, +
gr + 1) — (r — 1)] elements of the sequences S1, S2, or S3 are
not related by any linear relationship and thus form a linearly
independent set. From this and Proposition 1, it thea follows
that the lattice recursions for the rth channel terminate (i.e.,
ex,i,j,r(k) reaches zero value) at the [(p, + ¢, +1) — (r —1)]th

stage for true choice of (p,,q,). (This analysis, however,
implicitly assumes that the unknown system conforms exactly
to the model (1), i.e., it assumes estimation errors due to
imperfect modeling to be zero, or negligibly small, at least
asymptotically). The implications of this on the estimation of
the ARMA parameters is examined below.

D. Order Recursive Estimation of ARMA Parameters

As seen from (8), the order recursive estimation of the AR
and the MA parameters of (3) requires the Ai,i, ;(m)’s and
Bl{,i,j,r(l)’s to be updated in both AR and MA orders. We
derive a step-up like approach for this purpose by expressing

the other associated orthogonal projections in the manner of
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{AR0O |— —{aR0 } + ARO |— —{ ARO }

(d)
e

L—ARMA}— —{ARMA

[0

[ARMA] -

MAO

(10)

() - =D

MA0 = (0,0)

*
MAO .
(d)

(d)

MAO

Fig. 2. Complete LSCAL filter. The ‘ARMA’ blocks indicate either AR-MA or MA-AR configurations. The pair (7,7),4,7 = 0,1,2,... denotes the
order of the model being evaluated at a particular stage of the LSCAL filter.

(8) (i.e., in transversal forms) as follows:

Pl:,i,j—l,ruT(k) == Z CI{,i,j—l,r(m)D_sz(k)
m=1
j=1
+> DL i1 (DD un(k),
=1

(18)

b
LEN Ry

Py D™z (k) = = Y~ AL s (m)D ™"z, (K)
m=1

j-1

+ Z Bz,i,j,r(l)D_l“T (k),
1=0
(19)

Pk,i’j),,.D—jur(k) = — z Oz'i’j’r(m)D_mIr(k)
m=1

i-1
+ Z D} ;i -(OD u(k),
1=0
(20)
Py D7z, (k) = = " Ap i jo1,0(m) D"z, (k)
m=1
j-1

+ E.Ek,i,j—l,r(l)D—lur(k),

=1

2D

[ARMA]— —!ARMA|——‘

(3.2)
I

P;,i,j—l,rD_jur(k) == Z Ch,ij-1,-(m)D™"x, (k)
m=1

i—1

+ Z Dy jo1,-()D ur (k).
=1

(22)
(The superscript ‘6" on A%, . (m),Bp,  (I),C},; (m),
D} ; ; (1) indicates that these are associated with backward
projection operations.) The transversal parameters in (8) and
in (18)-(22) are updated using the following general approach:
Suppose Py ,z in (15) is to be expressed in a transversal filter
form as Py,,z = Y i_, cu(i)u; + Ky, v given the transver-
sal filters: Pyz = Y ' cu(du;, Pyv = Yo, du(du.
Noting that P v = v — Pyw, we may then write Py ,z as

(Pyz, Pyv)
P52

Replacing Py ,z on the L.H.S. and Pyz and Pyv on the
R.H.S. of (23) by the respective transversal filter forms and
equating the coefficients of the u;’s and v on both sides,
the “higher order” coefficients cy (i) and Ky, are obtained
in terms of the “lower order” coefficients cy(2) and dy ().
The update relations of the transversal filters defined in (8)
and (18)—(22), based on this principle, are listed in Table III.
The order-recursive computation of the estimates Ai,i, (M)
and Bl{,i,a‘,r(l)’ however, can not be carried out up to the
(pr + gr + 1)th stage for true choice of the model orders since,

Py.,z=Pyz+ (v — Pyw). 23)
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as seen earlier, the signal set Si;;., in such cases, forms
a linearly dependent set for all (z,;) in the sequence S1, S2
or, $3 such that i + j > [(p, + ¢» + 1) — (r — 1)]. implying
that the projection Py ; ;,x,(k) will be obtained ¢s a linear
combination of the first [(p, + ¢» + 1) — (r — 1) elements
of the sequence (note that in (23), P, v cannot be expressed
by the R.H.S if v lies in the subspace {U} since we then
have || P{v|| = 0; instead, we will have Py ,z = P ;2). More
specifically, we will have

Z kytr,8,4+1, ’V‘(Z)D_l r(k)

i=1

+ Z Bi,tr,sr+l,r(j)D7ju1‘(k)=

=0

Pk,p,- ¢ +1, rz'r k)

(24)

where ¢, and s, are two integers such that ¢, < p,, s, <
gr, and t, + s, +1 = [(pr + ¢ + 1) = (r -- 1)] (for
r = 1,t, = p, and s, = g,). Now, from the discussion
of Section II, it is easy to see that the first (r - 1) MA
coefficients of the scalar model (3) at index n = r4- (k — 1)d
are identically zero, ie., b,(j) = 0,7 = 1,2,...,(r —
1). Define the modified signal set Skijr C Skijr as
Sk,ijr = {D7tx,(k),...,D7 'z (k) u.(k), D", (k),...,
D~U=1y (k)}. By 1nspect10n it can be verified that the ele-
ments of S . 4.+1.- are not related by any linear relationship,
ie., S‘k‘pmq,ﬂm is a linearly independent set. Further, the
number of elements in Sk . 4. 11, i [(Pr+ ¢ +1) - (r = 1)),
which is also the dimension of the space x5, g.+1,» Meaning
that S, 4 41, forms a basis of Ok p..q.+1,r- Clearly, to
estimate the parameters of (3) at the index n = r+(k--1)d, itis
required to express Px p, q.+1,-T-(k) as a linear conbination
of the elements of S‘k,pmqrﬂm and not of Sk, o 41, as
given by (24). Unfortunately, the fact that the first (r — 1)
MA coefficients are zero cannot be incorporated in he lattice
recursions directly since, as the development of the LSCAL
algorithm shows, the elements of the signal set are required
to be chosen in the manner of S1, S2, or S3, and thus, the
first (r — 1) terms D™ u (), D" %u,(k), ..., D=0~ Du,(k)
cannot be skipped.

The problem, however, can be solved by expressir g each of
these terms in (24) as a linear combination of the basis vectors
belonging to gk,pmqﬂqw. First, observe that for the first
channel, the ARMA parameter estimates are availablz directly
at the end of the (p; + ¢; + 1)th step since §k_m a+l1l =
Skprgi+1,1 = Sk.ty,51+1,1- Suppose, the estimates 3,-(7) and
be(j) (ie., an(i) and by (j) for n = r + {k — 1)d) have been
evaluated up to the (m — 1)th channel, 1 < m < g, i.e., for
r=1,2,....m—1,Prp g +1,%-(k) has been ottained in
terms of the elements of gk,pﬁq,.-%l,r as

Prp, gr+1,rZe(k) =

Z(z (@)D" (k) + by (011, (k)

i=1

qr
+ > b (§) D u, (k). 25)

Jj=r
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In addition, assume that the estimates a,(i) and b,(j) r =
1,2,...,m — 1 have been transmitted by the rth channel
processor to the mth channel processor. Using the fact that
for true choice of (pr,q,), Prp, q.+1,-2r(k) = z.(k), (25)
is then rewritten as

u,(k) = - &, () D"z, (k)
e ,
= Db (D ur (k). (26)
j=r
From the definition (4a)-(4c) of the operator

D' u.(k) and z.(k) in (26) can be recognized as
u. (k) = D~ u,(k),z,(k) = D"z, (k). In
general, any D ~'z,.(k) and D~?u, (k) in (26) can be replaced,
respectively, by D~(™m ="+ (k) and D™=+, (k). In
addition since p, = pd + (r — 1) and ¢, = gd + (r — 1), we
have D~Prz,.(k) = D PrD="="g (k) = D Prz,(k),
and similarly, D~ %u.(k) = D % wu,(k). Making
these substitutions in (26), we observe that (26)
expresses D”(’“*r)um(k),r = 1,2,....(m — 1)
as linear combinations of the elements of the set
(D=7 g (k), ..., D7Prgy,(k), D" "um(k),..., D"
m(k)}, which is a proper subset of Sk ,. 4. +1.m. Replacing
the (m — 1) terms D~(m~u (k),r = 1,2,...,(m — 1)
in (24) by their respective representation in terms of the
elements of Sp, o 41 mPrp,.gn+1,1Zm{k) is then
obtained in the desired transversal form (25).

IV. APPLICATIONS OF THE LSCAL ALGORITHM

A. Joint Process Estimation Using Two Correlated Processes

The LSCAL algorithm derived above is suited to system
identification problems. It is also possible to use this for
estimating a process z(k) from two correlated, d-channel
processes z(k) and u(k) adaptively. A (p, ¢)th order estimator
is given by

ngpq, )

Zhpq(k) =

+ Z B .k = 7) @7

3=0
where 2 ,,(k) is the least squares estimate
of z(k) based on data up to the index &,
and gk,p,q,i [gkyP»‘Li(l)v s agkvpvq,i(d)]t and

hipgi = [kpagi(1),. .., hipqi(d)]t are the ith and jth
coefficients of the two transversal filters processing z(k) and
u(k), respectively. The purpose is to evaluate 3, (k) for
all (p,q) up to a given maximum order. This is achieved by
projecting the vector z(k) = [2(1),.. ., z(k)]! orthogonally on
the subspace Ay, , spanned by the set {zd(k) D 1zy(k),..
D Pd+d=1)) g, (k), ug(k), D 'ug(k), ..., D~ (ed+(d- 1))ud
(k)}, which can be seen to be equlva]em to {zq(k)}
USk pa.ge+1,d> Where pg = pd+ (r — 1),q4 = gd+ (r — 1).
As explained earlier, the LSCAL algorithm orthogonalizes
each channel signal set by generating the orthogonal
components by ; ;- and ¢k ; ;» in a specific order. Selecting
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TABLE I
UPDATE RELATIONS FOR THE TRANSVERSAL FILTERS

AR Updating of Af,;m), BL,,(0, L, (m), D}, :

10). Al m) = AL M) - Yo, ) Agy,m), m = 1,2, 1.
= -GN, m o= il
7 4. b .
Bkj,i»lj,(l) = B,{i”(l) - Yx,(':l) BUJJ([)’ 1=01,.,j-1.
2a). Cliugm) = CLym) - e G A, m), m = 1,2,...i.

- a,’t_,(i.l), m = i+l

Dl 0 = DL, - e i) By, (D, 1 = 1,2,..,].

MA Updating of A7, (m), BL;,(D, L, (m), DL, :

1), AL, m) = AL (m) - wp Q) Coypm), m = 1,2,

Bl D = BL,M - w,G) DRy, 1= 0.1,..,j-1.
1 4. .
= m i), L=,

20). Clijurm) = CLiypm) - G Cpyplm), m = 1,2,

DLju D = DL - BN Dy, 0, L = 1,2,..,],
= By, [ = j+l.

Updating other parameters :
3. A m) = Ay (m) - ey (-1 Ly m), m = 1,2,

By, (D = @y Gy-1),1=0,

= By, D - @, (ig-1) Dl D, 1= 1,2, j-1.

4. €l m) = Cppyy (m) - By liy-1CLyy m), m=1,2,. i

D, D = B, (j-1), 1=0,
= Dyy;0 D - B Gi-D DLy 0, 1=1,2,. . j-1.

5. For r=2,3,...,4d,

Zk,m,l,(m) =- 'Yk,_l(i:l): m=1,
) .
= Ayjjp(m-1) - 7y-|(‘J)Ak{u;-1(m‘1)r

m=2,3,..,i+l.
By = B, aC-1) - vy, i) B, ,0-1),
1=1,2,..,j

For r =1,

Appria® = = Ve i), m=1,
= Ak‘:l,ijd(m“l) - Ye d(inl)A{-um(m‘l),

m=2,3,..,i+l.
Byuyu® = Blyisdd-D) - Yoy fi) B0,
1=1,2,..,].

6. For r =2,3,...,d,

Cb,iol',‘,(m) = - “‘k,-](i:i) >y m= 1 s
b .
= Cugpa(m-1) - G AL, (m-1),
m=2,3,..,i+l.

Dy = Dy, ali-1) - 1y, (G BL;, (1),
1=1,2,..,j

For r=1,

Ck_,-q.,-.l(m) =- Fg,l,g(i”) ,m=1,
b .
= Ciliyydm=1) - wy_y ) A,{_Lw(m—l) .

m=2,3,..,i+l.
Bk,ivlj,l(l) = Dl:’il.i,i.d(l—l) TRP.L)] ka-l.ij,d(l_l) s
1=1,2,..,j.

the vectors by ; ;4 and ¢ ; ;4 generated by the dth channel
recursions, together with epp, 4,414 generated at the
(pa + ga + 1)th stage, we obtain an orthogonal basis for
Ak pg-2xpq(k) can then be evaluated by projecting z(k)
along each orthogonal component, adding the individual
projections and taking the kth component.

The above joint process estimator (JPE) can be used when
one is required to identify (1) with a nonidentity coefficient
matrix B(0). It is easy to verify that the identification for the
rth channel, r = 1,2,...,d can be carried out by feeding the
signals z,(k — 1) and w, (k) at the z and u input terminals,
respectively, of a (p — 1, g)th-order LSCAL JPE and applying
z(k) as z(k).

B. ARMA Modeling with Unknown, White Input

In applications concerning time series modeling, it is often
required to fit an ARMA model of the type (1) to a d x 1
process z(k). The input w(k), which is a white process in this
case, is usually not available, which introduces nonlinearity in
the problem via the product of the unknown terms B(j) and
w(k — 7). The ARMA parameters cannot then be estimated
optimally by linear least squares methods. An approximate but
practically useful approach [5}, [6] is to employ a bootstrap
technique to estimate the present input sample from the
available data and then feed it back to the input of the
lattice. Here, we propose a bootstrap procedure to generate
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the input sample estimate . (k) using the LSCAL JPE. (For
this purpose, we consider a generalized JPE, where one is
given a set of processes 2" (k),7 = 1,2,...,d, where each
is estimated in the form of (27), generating 2} , (k),r =
1,2,...,d.) First, observe that v(n) in (3), under white input
conditions, is the prediction error associated with the linear
prediction of y(n) from y(n — ¢)’s and v(n — j)’s, i =
1,2,...,pn-J = 1,2,...,q,. In addition, note that the inner
product {z1,22), 21, 22 € Hy provides an unbiased, k-sample
estimate of the correlation between the correspondir.g random
variables z1, z2, and it approaches the true correlation as k£ —
0. Define the set Sy, 4. = {D7'z.(k), D (k)i =
1,2,...,p55 = 1,7+ 1,...,q.}, and let Pipr,q - be the
orthogonal projection error operator associated with the sub-
space Ek,p,,qﬁ, spanned by Sk ,, 4. - For large k, wz can then
write u.(k) = th,qm,xr(k) = 4,(k) (say). To thow how
the present input estimate i,.(k) (i.e., the kth entry of 4.(k))
can be obtained, let us consider the case r = 1 first. It is easy
to see that the set Sk p, 4,,1 is given by the collection of the
columns of the following matrix:
0
zq(k = 1), Di-154.44,d

where pg = (p— 1)d+{(d—1),4a = (¢g—1d+ (d - 1),
and the data matrix Dy ; ; » is defined in (5). Cleaily, @, (k)
can be obtained by using a (p — 1,¢ — 1)th order LSCAL
JPE, which is described above, in the following manner:
Apply z.(k — 1)’s and u.(k — 1)’s at the = and » input
terminals, (k) as z'(k), and subtract the output Z; .,
from z(k). For r = 2,3,...,d, it is easy to see that
Skprgrr = Skprtigr =1 Y {zr—1(k)}. Contequently,
Skprgrir = (tr—1(k)) ® 8k p._1.q._,.r—1, Which provides a
recursive relation on 8 ,. .. » in the index r. Carrying out
this recursion on the R.H.S. further until » = 1, we obtain

Siwmqr,r = (i‘r—l(k» ® (ﬁr—2(k)>
®--® (ﬁl(k)) ® gk,P] .q1,1.

(28)
Consequently

Fk,pr,qr,rxr(k)

r—1

= Terithi(k) + Prpgaze(k), r=2,3,....d
i=1

29

= =1
where Piy,q.r = I — Py, o and 7g,.; =
%ﬂl,z = 1,2,...,(r — 1). Note that the current

entry of Py ,, g, 1%, (k) is given by the output 2, (k)
of the same JPE with z,(k) replacing 2" (k). Evaluating the
R.H.S. of (29) for the kth index and subtracting from z,.(k),
we obtain #,(k). Note that this scheme, while evaluating
u.(k),d > r > 2, makes use of not only the join: process
estimator but also the estimated input samples up to the
previous channel, viz., 4;(k), = 1,2,...,(r — 1). To make
the above procedure self-sustaining, i, (k)’s are fec back to
the input of the LSCAL filter through unit delays to play the
role of the actual input at the next index of time. The initial
values of input estimates can be taken as zero as suggested in
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[5]. If the model orders are not known a priori, the recursions,
in the initial phase, need to be carried out up to a large order
until actual order is established.

V. DISCUSSION AND CONCLUSION

A least squares lattice algorithm has been presented for
identifying a multichannel ARMA model that is computa-
tionally efficient in that it employs scalar operations only
and is-amenable to pipelined implementation. For a (p, g)th-
order model, the proposed algorithm involves computations of
O[(p+ q + 1)d|(O[p + q + 1)%d?] for computing the ARMA
parameters) per processor [11], which is d times less than
the order of computation required by a direct multichannel
extension of the Karlsson-Hayes algorithm [7]. Further com-
putational advantages arise from the ability of the algorithm to
compute ARMA models of any specified order (p, q) directly,
without requiring p and ¢ to be identical. For instance, if the
d-channel ARMA model is converted into a 2d-channel AR
model by assuming p = ¢ [5], [6] and is then identified by,
say, the method of [1], then, depending on whether p > ¢ or
otherwise, one needs to employ a total of [15(p — g)d? — 3d]
and [14(q — p)d? + 2d] extra additions and [32(p — ¢)d? — 6d]
and [30(q — p)d? + 4d] extra multiplications, respectively, as
compared with the proposed method (note that each figure is
directly proportional to the difference |p — g).

A computer simulation study of the proposed LSCAL
algorithm was carried out on a two-channel ARMA model
for two different time-varying environments. In the former,
the parameters were held fixed up to a certain fixed index of
time, after which they were changed abruptly to another set of
values. In the latter, the parameters were allowed to vary lin-
early but slowly with time. In both cases, the estimates latched
on to the parameter trajectories after an initial convergence
time of 8-10 samples. Whereas in the former, the steady-state
values of the estimation errors were zero, in the latter, because
of continuous time variation, nonzero estimation errors were
present, although with sufficiently small magnitude (within
5%). In addition, long and extensive simulations (which are
not presented here for lack of space) indicated no evidence of
numerical instability.

The proposed method, as seen above, is free of the over-
parameterization problem that characterizes the conventional
ARMA modeling methods [5], [6], as the latter force p and
¢ to be identical. Some extent of overparameterization, and,
consequently, certain excess computations, may still come up
in situations where the model to be identified has different
orders for different channels. This is because the proposed
algorithm assumes identical orders for all the channels. In
such contexts, the recently proposed identification algorithm
of Glentis er al. [12] may be more useful. Their method, like
the algorithm proposed here, employs scalar operations only,
but, in addition, permits independent order recursions for all
the channels.
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