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An Efficient A|gorithm for So|ving Il. REVIEW OF PERIODIC TOEPLITZ SYSTEMS
General Periodic Toeplitz Systems Consider a procesg(n), which is given to be periodically WSS
with period d, implying thatr(n,m) = r(n &+ d,m + d), where
Mrityunjoy Chakraborty r(n, m) denotes the autocorrelation functionydf:), i.e.,r(n, m) =

Ely(n)y(m)]. The generalp+1) x (p+1) correlation matrixR,. (p)

Abstract—An efficient algorithm is presented for inverting matrices ~ for thenth index is then given bR..(p) = Ely,,_,(p)y., (p)], where
which are periodically Toeplitz, i.e., whose diagonal and subdiagonal y (p) = [y(n),y(n—1),---,y(n—p)]' s p,q¢ = 0,1,2,--- It is easy
entries exhibit periodic repetitions. Such matrices are not per symmetric verify that
and thus cannot be inverted by Trench’s method. An alternative approach
based on appropriate matrix factorization and partitioning is suggested. R,(p-1) ‘ ‘

The algorithm provides certain insight on the formation of the inverse n(p) = =

matrix, is implementable on a set of circularly pipelined processors and, ‘ ‘ Ryi(p—1)

as a special case, can be used for inverting a set of block Toeplitz matrices )
without requiring any matrix operation. and

I. INTRODUCTION
A linear system of equations of the forldw = p is said to be

a periodic Toeplitz system with period if the matrix R satisfies ) .

the periodicity condition®;.; = Ri4. ;+4. Such matrices typically Thus_, fqr each ordep, there is a total ofd_ matrices: one each

represent the correlation structure of cyclostationary processes gﬁd}he !ndlces,z‘ n—1,--,n—d+1. The objective is to compute

have been studied in [1] and [2] in the context of periodic tim&% (»)'S for each of these indices in an efficient manner. It il
series analysis, where the periodicity of the matrix elements aloR§ USeful in this context to consider the MYW equations Rr(p),

each diagonal and subdiagonal has been exploited to obtain efficid le/ed in [2] and given, for theth index and theith order, by

R.(p) = R.xa(p)- (1b)

parameter estimation algorithms. In addition, such matrices also play R.(p)[Lay ] =[an, p, 01x,]' (2a)
a vital role in efficient realization of multichannel modeling and R.(p)br, s 1] =[01xp, Bn,p) (2b)
filtering algorithms, as shown in [1] and [2] and_indire(_:tly in [3] here an.p = [an.p(1)san.p(2)s--- an p(»)]', and by, =
i;g ng.(g?]s(i;(l?cr?ep(;ea(;f a set of such matrices with period, say, /g’,),p(p)7b77,_, Sp = 1), _-,bn,,p(l)]’- The two unknownSan,p and
1 2 3 47 6 7 8 18 Bn,p are given by the inner pt)rodtucts oftthe flist and thg last rows
5 6 7 8 10 11 12 17 of R, (p) with the v.ectors[l,an,p] and [b,l.,p, 1]°, respectively. In
A= 9 10 11 12 B= 14 15 1’ 5 [2], an order-recursw_e procedu.re _fo_r solving (2a) gnd (2b) has been
13 14 15 1 9 16 5 6 presen_ted th_at gxplons the perlo_dlcny'along the dlagonalR_,o(fp)
L 2 to obtain a pipelined realization, involvinhprocessors an@®(p?d?)
112 17 20 computations. InterestinglyR’, (p), like R,.(p), is also periodically
c—|¥» 1 23 Toeplitz with periodd, and thus, the same algorithm can be used
6 5 6 7 to solve the MYW equations foi?, (p) as well. We denote the
219 10 11] corresponing solutions for (2a) and (2b), respectivelyaby, and

where each matrix shown is periodic Toeplitz although, in each casg,, with &™* and 3, , substituting fora,, , and 3, ,.
only the (1, 1)th element is seen to repeat itself since the periodThe inversion algorithm proposed in this paper is based on the so-
chosen is 3, whereas the dimensiod js4. The matricesA, B, C are, called “LDU” and “UDL” factorizations ofR,,(p), where the L”
in fact, chosen carefully to represent the cross-correlation matricgsd the U matrices are constructed using baih ,, b,,,, anda., ,,
of a cyclostationary process with perice 3, measured at three p,, ,. For the Hermitian case, however, only half of these solutions
successive indices of time. Such matrices overlap in a certain manmgfl be required as, in that cas&,.(p) = R.(p), implying that
as explained later in Section Il. The algorithms presented in [1]-{41,, , = a, , andb, , = I)n,p.
however, apply only to certain specific sets of equations involving
such matrices, namely, Yule-Walker (YW) equations [1] and modified
Yule-Walker (MYW) equations [2]. This correspondence takes UR. Derivation of the Inversion Eormula
the more general problem of gqlvmg a.rblt.rary systems of th? form We begin by considering thE DU factorization of R, (p). Con-
Rw = p, whereR is non-Hermitian periodic Toeplitz. An efficient struct
algorithm to computeR ™' has been presented, which, apart from - 0 0 0
providing insight on the structure d®~ ', also has an interesting by 1(1 1 0 0
pipelined implementation. Since j@a x p periodic Toeplitz matrix n1(1)
acquires the so-called block Toeplitz structure whes= Nd for L. (p) = '
an integerN, the proposed algorithm can also be used for efficient
inversion of block Toeplitz matrices with the additional advantage of i '( ) b (' — 1) 1
not requiring any matrix computation. St D p AP T

(1 bna(1) o bau(p)
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Then, we haveR,, (p) = (L. (p))™' Dy (p) (Un(p))~", whereD,, (p) TABLE |
is a diagonal matrix witHD,. (p))s,s = Bn,i-1,t = 1,2,---,p+ 1. Aﬁ?EQUENTlAL ALGORITHM FOR COMPUTING
This result can be proved in several ways. A proof based on R, (p).n€ 5 ={0,1,---,d—1}. THE

. . . SvymBoL ‘&’ DENOTES MODULO d SUBTRACTION
Hilbert space treatment of random variables has been suggested in - i

the Appendix. EquivalentlyR," (p) = Un(p) (Dn(p)) 'La(p).

Lo . ; Initialization (n =0, 1,...,d-1)
Partitioning the matrice¥ ,,(p), L, (p), and D,,(p) blockwise, one
H -1 -1 -1 -1 . . .
can write ) (R, (01 = 2 pr Ry @ jua =@ pdy (), J=12...,p
1 B Un(p—1) ’ bop | [(Du(p—1))" ‘ 0px1 1 -1 N .
R, (p) = 01, 1 01, ’ gL (R, @) 1,1 = % p@upl)s =12 ..., p.
P P n,p
L"‘(~p - ‘ Opx1 ) () For i =1 top begin
B p 1 For n=0,1,...,d-1 begin
Carrying out the matrix products, we then obtain For j=1,2,...,p begn
>t
_ R (p— 1)+ 35 bba, pby, B obn, 1 1 1 N
R, 1(p) = — PP ‘ ’Iil 2. (5) [R, (p)]i+1,j+1 = [R,.el(.l’)]i,j o, an‘P(z) ﬂn,p(l) -
Gk, tN Bl ; )
It may be recalled at this point that for a W$S), R, (p) is purely B,01,p Pno1,p-i+1) b0, +1)

Toeplitz and is inverted by the well-known Trench’s algorithm [5],
which makes use of the persymmétryf R, (p) or, equivalently, end
of R, '(p), and obtains an alternative expression ®y'(p) by
premultiplying and postmultiplying the left- and right-hand sidesen
of (5) by the exchange matrid. Such an approach, whose final
goal is to obtain a recurrence relation between (thg)th and the

(i — 1,j — 1)th elements ofR;, *(p), cannot, however, be extended )
to periodic Toeplitz matrices, as the persymmetry condition is n8f€ then obtains
satisfied by such matrices. As an alternative to this approach, we [R;il(p)]ﬂr]yﬁ]
considerU DL the factorization ofR,, (p) first. Defining

end
d

=R, ()]i; + anti pntt, p(Dans1,p(j)

a,L‘,lj(l) fl) 8 8 = B b p(p =i+ Db p(p =i +1)
I . . Ceee p>ij>1L 9)
~(2) In addition, from (8), we have[R,{,(p)lin = a,i,.
: . R, L (D] j+1 = oty ping(0), and R (P11 =
L, p(p) tn—rpa(p—1) - oee ] arty paninp(i) p 2 inj 2 L.
1 anp(l) .- an,p(p) Equation (9) reveals the process by which the diagonals and
0 1 s n—1poi(p—1) subdiagonals o, },(p) are formed from the respective diagonals
Uolp) = | : : ) and subdiagonals aR,,*(p) and can be recognized as the periodic
Toeplitz generalization of Trench’s inversion formula [5]. Since
: : : the underlying process is periodically stationary, it is sufficient to
L0 0 1 considerR;, ' (p) for n = 0,1,---,d — 1.
we can write, as shown in the Appendi®.(p) = (U.(p)) " A sequential algorithm to comput®;, ' (p) based on (9) is listed
D.,.(p)(L.(p))~", where D,(p) is a diagonal matrix with in Table 1. The algorithm construct®;, ' (p) by forming the rows
(Du(p))ii = Qu—ig1p—it1,i = 1,2,---,p + 1. Equiva- iteratively. Alternatively, one can also iterate over the columns and

lently, R;'(p) = L.(p)D; ' (p)U.(p). Once again, partitioning thus constructR; ' (p).
U, (p).L,(p) and D, (p) blockwise,R;, ' (p) can be written as

1 0 -1 ‘ 0 B. Parallel Implementation

1 1xp QX ' p 1xp

R, (p)= [ I 1 } [0 DL y_1 } A parallel implementation of the algorithm is possible by engaging
Gup ’ ne1(p—1) px1 ‘ netp = 1) a set ofd processors and assigning the task of compuRyd (p) to

1 ‘ ai,p the nth processon € S = {0,1,---,d — 1}. In Table I, this would

’ Opx1 [}7771(1)_ 1) ’ Q) imply that i) the “begin—-end” statement for = 0,1,---.d — 1
be replaced with a “do par-end par” statement, and ii) in e

iterative step,i = 1,2,---,p, [R,*(»)]i ., 7 = 1,2,---,p be

Carrying out the matrix products

R\ (p) = X ‘ Oy, p ®) transmitted from the:th processor to thé¢n + 1)th processor for
n ay ‘ RX (p—1)4a; van il , | n=20,1,---,d — 2 and from the(d — 1)th processor to the zeroth
. o ' 1 A . processor fon = d — 1. The communication amongst the processors
Changlnng ton+1in (8), we gellR,, 4 (p)lit1, 541 = [y (» = s circular and thus local, making the procedure suitable for VLSI
Dlij+a, iy pans1,p(i)int1, p(j).p > i,j > 1. Onthe other hand, implementation.
from (5), we havelR, " (p)]i.; = [B' (0 = Dli.s + B b o(P = The algorithm requires a total @p? + 4p multiplications anc2p?

i+ Dbup(p—j+1).p 2.5 > 1 Eliminating[R,'(» = D]i.;,  additions per processor. If the columns (rows) are also evaluated
parallelly, then a furthemp-fold increase in speedup is possible,
leading to a so-called superfast algorithm, with multiplication and

1A matrix R is persymmetric ifJRJ = R', where ] is the exchange addition counts reducing t8p + 4 and2p, respectively.
matrix.
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C. Closed-Form Expression IV. DiscussION AND CONCLUSION

A closed-form expression foR;, ' (p) can be worked out using An explicit inversion formula for a set of periodic Toeplitz matrices
(9). Defining for each has been derived, and an efficient algorithm to implement the formula
a) [R,(p)]:,; =0 wheneveri =0, j =0,0ri =j =0; has been presented. The algorithm may be viewed as a non-Hermitian
b) an p(0) = an ,(0) = 1; generalization of [7]. Further, fof = 1, i.e., for the Toeplitz case,
C) by o(p+1) = i,n‘p(p +1) =0; the proposed recursions boil down to those of Trench and Zohar [8].
we can write To see th|§, first observe .that far = 1.7 R, (p) = R, :1(p) for
all n, implying that the variables used in (9) are independent.of
For convenience, we then take out the indekrom these variables.

Ropi i o =[RS 0+ Taa(iG). 0<ij<p

Bt @l i =1 i (i) - - 10 Second, for the Toeplitz cas&, = b, andb, = a,, wherea,, andb,
(10) are the reversed versions ef andb,,, respectively, i.e.q, = Ja,

h andb, = Jb,, J being the exchange matrix. This is easily seen by

where noting thatR(p) and R'(p) can be written as
Tos1(isJ) =iy plnst, p(D)int1, p(Jj) B
/3,1 ! bn ( — + 1)571,])(]7 - 7 + 1) (ll)
R(p—-1)

)
Rip) = t = st
y ‘ Y

Carrying out the iteration in (10) further untilor j or both become

zero, one gets

min(s, 5)

[R;-il-1 (®)it1,j+1 = Z Togi—i(i—1,5=1).

In matrix form, (12) leads to

o [Re-1 | 6] '
R(p)_|: t ‘ :|_|::;; Rt(})—l) :|

x

wherez = Jz and§ = Jy. Noting thata, = —R *(p — 1),
b, = —[R'(p — 1)] 'y, and the matrixR(p — 1) is persymmetric,
ie., R'(p—1)=JR(p—1)J, itis easy to verifythat; =a,.Ina
similar manner, it can be checked thgt= b,. In other words, one

R;-',l-l(p) = L1n+1(p)D1n+1(p)Uin+1(p) can directly obtairi, andbp from b, anda, respectlvely, simply by
— U1, (p)' DL, (p)Li, () reversing the order of the elements. This is, however, not possible
) ) ) when the matrix is periodically Toeplitz, and one has to actually solve
the MYW equations forR’, (p) to obtaindg,, , andb,, ,.
where : .

This correspondence also gives a Gohberg—Semencul-type
roo1 0 0 0 closed-form expression fol; '(p). For Toeplitz matrices, the
nt1, p(1) 1 0 0 Gohberg—Semencul expression is computationally equivalent to
g1, p(2)  an, (1) 0 Trench’s inversion formula. This is because the triangular matrices

- - appearing in the former, in this case, are Toeplitz matrices, whose
. . products can be computed efficiently via FFT [9]. It is, however,
Lant1,p(P)  an, p( ) 1 not clear at this stage and thus remains to be investigated whether
o gt p(1) @nsr,p(2) Ant1, p(p) similar fast multiplication is feasible when the triangular factors are
0 1 an, p(l) an,p(p —1) given to be periodic Toeplitz.
UL+ (p) = .
_(.] (.] [.) 1 APPENDIX

Dl,l (p) andD1,(p) are two diagonal matrices wifD1,.(p)];,; =

v, 7+1 , and[D1,(p)];,: = =8 »» 1 <i<p+1, and

r 0
bn, p(p)

Li, ()= |~

L b p(1)
0 by, p(p)
0 0

Ul,(p) =

LO 0

0
0
bnfl,p(p)

ZN)nfl,p(Q)

bn,p(p - 1)

bu—1,p(p)

0

0
0

o

0
0
0

0
b, p(1)

b17,—1 s 7)(2)

0

UDL aND LDU FACTORIZATIONS OF R, (p)

For the Hermitian case, i.e., wheR,(p) = Ely, )y’ (»)]
the UDL and LDU factorizations ofR,,(p) are straightforward
and follow the standard procedure of orthogonalization of the set
{y(n),y(n — 1),---,y(n — p)}, either by premultiplyingy,, (p)
with a lower triangular matrix to generate a vector of backward
prediction errors for the index and order varying from O t@ or
by premultiplyingy,, () with an upper triangular matrix to obtain a
vector of forward prediction errors for the indicesn —1,---,n—p
with ordersp,p—1, - - -, 0, respectively. For the non-Hermitian case,
ie., for R,(p) = Ely, ,(p)y;(p)] with ¢ # 0, this approach,
however, does not result in the desired factorizations since in this
case, the prediction errors obtained by orthogonalizing the two
Sets{y(n) y(n — 1),---,y(n — p)}, and {y(n — q), y(n — ¢ —
1),-+-,y(n — ¢ — p)} are not mutually orthogonal. We show here
how the factorizations of a non-Hermitid®, (p) can be carried out
by generalizing the concept of forward and backward predictions.

Itis interesting to note that the matricB&,, 1., Ul,y1.p, L1, (p), Consider the problem of finding out the coefficients

andU1,,(p) also constitute periodic Toeplitz matrices with peridd a,—;, ,—;(1), -, an—j p—;(p — j) so thate,; = y(n —
Equation (13) gives a closed-form expression ®;'(p) and j) + an—j p—j(Dy(n—j— D4+ an_j p—j(p — jy(n —p) is

can be recognized as the periodic Toeplitz extension of the Garthogonal toy(n —q¢—j—1),y(n —qg—j—2),---,y(n —q—p)

hberg—Semencul formula [6] for Toeplitz matrices.

for 0 < j < p— 1. Defining a,—j, p—; = Ely(n — ¢ — jen, ;]
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one can then write implying that L.p)R.(p)U.(p) = D.(p), or R.(p) =
o, ' 1 nj pj (Lo (p)) "Dn(p) (Un(p))~*, which gives theLDU factorization
E ynquj(p_‘/)ynfj(p_'}){ . :|:| = |: ,_ :| Of Rn(p)
An—j,p—j O(p—j)x1

(A1)

wherean —j, p—;j = [an—j p—j(1)san—j,p—j(2), s an—jp—(p —
/)]'. Equation (A.1) can be identified as the MYW equation
(2a) for the matrixR,.—;(p — 7). Assumption of nonsingularity

n—j p—j(1), ++ an_; p—;j(p — j). Similarly, consider the set of
coefficientsi,,—;, ,—i (1), +, dn—i, p—i(p — i) SO thaté,, , = y(n —
q=8)Fan—i p—i(Dy(n—q—i—1) 4+ Fan—i,p—i(p—i)y(n—q—p)
is orthogonal toy(n — i — 1),y(n — ¢ — 2),---,y(n — p) for
0 <4 < p-—1. Defining &,—;,,—i = E[y(n — )¢, ], one can
then write
ot . 1 |G, p—i
Ely, i(p—)y,_,,(p Z)Linﬂ-,pqﬂ = L(pﬂ,)xl}

(A.2)

where @, —i p—i = [an—i p—i(1);dn—i p—i(2).* . dn—i p—i(p —
i)]*. Equation (A.2) can be recognized as the MYW equation (2a) fo
the matrixR}, _,(p—1). Itis easy to see that[é, e, ;] = 0fori #

j, since fori > j, e, ; is orthogonal tay(n — g —i),- -, y(n—g—p)
and fori < j, én,; is orthogonal toy(n — j),---,y(n — p). For

i = j, Elénicni] = Ely(n — q —i)ens] = E[én,iy(n — )],
implying that Ele.,., ién,i] = Qn—i,p—i = Gn—i, p—i. Using this,
constructing the matrice¥ ,,(p) and L, (p) as given by (6), and
defininge,,, = y(n — p), é,,, = y(n — ¢ — p), we can then write

[Un(p)Ru(p)Ln(p)]:.;
= E[U.(0)Y,_, )y, »)Ln(p)]:. ;
= Elén,ien, ;| = an—i,p-id(i — j)

whereé(1) is the unit sample function. Thub], (p)R. (p)Ln(p) =
Dy(p), of Ry(p) = (Un(p))~" Du(p)(Ln(p))~", which gives the
factorization of R, (p).

For LDU factorization, we consider the coefficients, ;(1),
eybn (), so thatf ;= bn ()y(n) + -+ + b j(Ly(n — j +
1) + y(n — j) is orthogonal toy(n — ¢ —7), 0 < r < j — 1 for
1 < j < p. In other words

=)
N ﬁn,j

E {yn_q(j)yf, () {bl !
where bn,j = [bn,J'(j),bn,,j(j - 1)7 Tt bn,j(l)]tv and ,Bn,j =
E[fn, ;y(n—q—j)]. Equation (A.3) is clearly the MYW equation (2b)
for the matrixR..(j). Similarly, letd,, ;(1),--.b...(i) denote a set
of coefficients for whichf,.,; = b,,:({)y(n—q)+-- -+ by, i (1)y(n—
qg—i+1)+y(n—q—i)isorthogonal toy(n —r),0 <r <i—1
for 1 <i < p. Defining 3., ; = E[fn.;y(n — j)], we can then write

N

whereb,,, ; = [bn,;(j)sbu,;(j = 1),--+, b, ;(1)]'. Equation (A.4)
gives the MYW equation (2b) for’,(j). Using the stated or-
thogonality conditions forf,,; and fn‘,:,vit is easy to verify that
E[f7lyifVL~j] ? 0 for ¢ 76 j Fori = .j! E[fn,ify,i] = E[y(n —Nq -
L)fnl] = E[fn,iy(n—i)], meaning thaE[fn,ifn,i] = Bn,i = Bn,i.
Constructing the matrice¥ ,.(p) and L..(p) as defined in (3) and
defining f.. . = y(n), fu.0 = y(n — q), it then follows that

[Ln(p)Ro(P)U  (D))s, 5

= E[L.(p)y,_,(p)y, (0)Un(p)]i. 5

(A.3)

(A.4)

ACKNOWLEDGMENT

The author is grateful for the constructive suggestions by the
of R._;(p — j) guarantees unique choice of the coefficientieViewers, which have helped to improve this paper.

(1]

(2]

(3]

[4]

r

(5]

~

(7]

(8]
[

REFERENCES

H. Sakai, “Circular lattice filtering using Pagano’s method&EE Trans.
Acoust., Speech, Signal Processingl. ASSP-30, pp. 279-287, Apr.
1982.

M. Chakraborty and S. Prasad, “Multivariate ARMA modeling by acalar
Algorithms,” IEEE Trans. Signal Processingol. 41, pp. 1692-1697,
Apr. 1993.

T. Kawase, H. Sakai, and H. Tokumaru, “Recursive least squares cir-
cular lattice and escalator estimation algorithm&EE Trans. Acoust.,
Speech, Signal Processingpl. ASSP-31, pp. 228-231, Feb. 1983.

M. Chakraborty and S. Prasad, “Multichannel ARMA modeling by least
squares circular lattice filtering,JEEE Trans. Signal Processingol.

42, pp. 2304-2318, Sept. 1994.

W. F. Trench, “An algorithm for the inversion of finite Toeplitz
matrices,”J. Soc. Indus. Appl. Mathvol. 12, no. 3, pp. 515-522, Sept.
1964.

I. C. Gohberg and A. A. Semencul, “On the inversion of finite Toeplitz
matrices and their continuous analodyjat. Issled. vol. 7, pp. 201-223,
1972.

H. Sakai, “Further results on the circular Levinson algorithn*-
ICE Trans. Fundamentals Elect. Commun. Comput, Soi. E74, pp.
3962-3967, Dec. 1991.

S. Zohar, “Toeplitz matrix inversion: The algorithm of W. F. Trench,”
J. ACM vol. 16, no. 4, pp. 592-601, Oct. 1969.

J. Jain, “An efficient algorithm for a large Toeplitz set of linear
equations,lEEE Trans. Acoust., Speech, Signal Processiog) ASSP-
27, pp. 612-615, Dec. 1979.

Authorized licensed use limited to: INDIAN INSTITUTE OF TECHNOLOGY KHARAGPUR. Downloaded on June 24, 2009 at 02:21 from IEEE Xplore. Restrictions apply.



