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An Efficient Algorithm for Solving
General Periodic Toeplitz Systems

Mrityunjoy Chakraborty

Abstract—An efficient algorithm is presented for inverting matrices
which are periodically Toeplitz, i.e., whose diagonal and subdiagonal
entries exhibit periodic repetitions. Such matrices are not per symmetric
and thus cannot be inverted by Trench’s method. An alternative approach
based on appropriate matrix factorization and partitioning is suggested.
The algorithm provides certain insight on the formation of the inverse
matrix, is implementable on a set of circularly pipelined processors and,
as a special case, can be used for inverting a set of block Toeplitz matrices
without requiring any matrix operation.

I. I.NTRODUCTION

A linear system of equations of the formRRRwww = ppp is said to be
a periodic Toeplitz system with periodd; if the matrix RRR satisfies
the periodicity condition:RRRi; j = RRRi�d; j�d: Such matrices typically
represent the correlation structure of cyclostationary processes and
have been studied in [1] and [2] in the context of periodic time
series analysis, where the periodicity of the matrix elements along
each diagonal and subdiagonal has been exploited to obtain efficient
parameter estimation algorithms. In addition, such matrices also play
a vital role in efficient realization of multichannel modeling and
filtering algorithms, as shown in [1] and [2] and indirectly in [3]
and [4]. An example of a set of such matrices with period, say, 3,
can be constructed as

AAA =

1 2 3 4

5 6 7 8

9 10 11 12

13 14 15 1

; BBB =

6 7 8 18

10 11 12 17

14 15 1 2

19 16 5 6

CCC =

11 12 17 20

15 1 2 3

16 5 6 7

21 9 10 11

where each matrix shown is periodic Toeplitz although, in each case,
only the (1, 1)th element is seen to repeat itself since the period
chosen is 3, whereas the dimension is4�4. The matricesAAA;BBB;CCC are,
in fact, chosen carefully to represent the cross-correlation matrices
of a cyclostationary process with period= 3, measured at three
successive indices of time. Such matrices overlap in a certain manner,
as explained later in Section II. The algorithms presented in [1]–[4],
however, apply only to certain specific sets of equations involving
such matrices, namely, Yule–Walker (YW) equations [1] and modified
Yule–Walker (MYW) equations [2]. This correspondence takes up
the more general problem of solving arbitrary systems of the form
RRRwww = ppp, whereRRR is non-Hermitian periodic Toeplitz. An efficient
algorithm to computeRRR�1 has been presented, which, apart from
providing insight on the structure ofRRR�1, also has an interesting
pipelined implementation. Since ap � p periodic Toeplitz matrix
acquires the so-called block Toeplitz structure whenp = Nd for
an integerN , the proposed algorithm can also be used for efficient
inversion of block Toeplitz matrices with the additional advantage of
not requiring any matrix computation.
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II. REVIEW OF PERIODIC TOEPLITZ SYSTEMS

Consider a processy(n), which is given to be periodically WSS
with period d, implying that r(n;m) = r(n � d;m � d), where
r(n;m) denotes the autocorrelation function ofy(n), i.e.,r(n;m) =

E[y(n)y(m)]: The general(p+1)�(p+1) correlation matrixRRRn(p)

for thenth index is then given byRRRn(p) = E[yyyn�q(p)yyy
t
n(p)], where

yyyn(p) = [y(n); y(n�1); � � � ; y(n�p)]t; p; q = 0; 1; 2; � � � :It is easy
to verify that

RRRn(p) =
RRRn(p� 1)

=
RRRn�1(p� 1)

(1a)
and

RRRn(p) = RRRn�d(p): (1b)

Thus, for each orderp, there is a total ofd matrices: one each
for the indicesn; n� 1; � � � ; n� d+ 1: The objective is to compute
RRR�1n (p)’s for each of these indices in an efficient manner. It will
be useful in this context to consider the MYW equations forRRRn(p),
solved in [2] and given, for thenth index and thepth order, by

RRRn(p)[1;aaa
t
n; p]

t
= [�n; p;01�p]

t (2a)

RRRn(p)[bbb
t
n; p; 1]

t
= [01�p; �n; p]

t (2b)

where aaan; p = [an; p(1); an; p(2); � � � ; an; p(p)]
t, and bbbn; p =

[bn; p(p); bn; p(p � 1); � � � ; bn; p(1)]
t: The two unknowns�n; p and

�n; p are given by the inner products of the first and the last rows
of RRRn(p) with the vectors[1; aaatn; p]

t and [bbbtn; p; 1]
t, respectively. In

[2], an order-recursive procedure for solving (2a) and (2b) has been
presented that exploits the periodicity along the diagonals ofRRRn(p)

to obtain a pipelined realization, involvingd processors andO(p2d2)

computations. Interestingly,RRRt
n(p), like RRRn(p), is also periodically

Toeplitz with periodd, and thus, the same algorithm can be used
to solve the MYW equations forRRRt

n(p) as well. We denote the
corresponing solutions for (2a) and (2b), respectively, by~aaan; p and
~bbbn;p with ~�n; p and ~�n; p substituting for�n; p and�n; p:

The inversion algorithm proposed in this paper is based on the so-
called “LLLDDDUUU ” and “UUUDDDLLL” factorizations ofRRRn(p), where the “LLL”
and the “UUU ” matrices are constructed using bothaaan; p; bbbn; p and~aaan; p;
~bbbn;p: For the Hermitian case, however, only half of these solutions
will be required as, in that case,RRRn(p) � RRRt

n(p), implying that
aaan; p � ~aaan; p and bbbn; p � ~bbbn; p:

III. T HE INVERSION ALGORITHM

A. Derivation of the Inversion Formula

We begin by considering theLLLDDDUUU factorization ofRRRp(p): Con-
struct

~LLLn(p) =

1 0 0 � � � 0
~bn;1(1) 1 0 � � � 0

� � � � � � �

� � � � � � �

� � � � � � �

~bn; p(p) ~bn; p(p� 1) � � � � 1

UUUn(p) =

1 bn; 1(1) � � � bn;p(p)

0 1 � � � bn;p(p� 1)

� � � � � �

� � � � � �

� � � � � �

0 0 � � � 1

: (3)
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Then, we haveRRRn(p) = (~LLLn(p))
�1DDDn(p) (UUUn(p))

�1, whereDDDn(p)
is a diagonal matrix with(DDDn(p))i; i = �n; i�1; i = 1; 2; � � � ; p+ 1:
This result can be proved in several ways. A proof based on
Hilbert space treatment of random variables has been suggested in
the Appendix. Equivalently,RRR�1n (p) = UUUn(p) (DDDn(p))

�1~LLLn(p):
Partitioning the matricesUUUn(p), ~LLLn(p), andDDDn(p) blockwise, one
can write

RRR
�1

n (p) =
UUUn(p� 1) bbbn;p

01�p 1

(DDDn(p� 1))�1 0p�1

01�p ��1n; p

�

~LLLn(p� 1) 0p�1

~�t
n; p 1

: (4)

Carrying out the matrix products, we then obtain

RRR
�1

n (p) =
RRR�1n (p� 1) + ��1n; pbbbn; p

~bbb
t

n; p ��1n; pbbbn;p

��1n; p
~bbb
t

n; p ��1n; p

: (5)

It may be recalled at this point that for a WSSy(n), RRRn(p) is purely
Toeplitz and is inverted by the well-known Trench’s algorithm [5],
which makes use of the persymmetry1 of RRRn(p) or, equivalently,
of RRR�1n (p), and obtains an alternative expression forRRR�1n (p) by
premultiplying and postmultiplying the left- and right-hand sides
of (5) by the exchange matrixJJJ: Such an approach, whose final
goal is to obtain a recurrence relation between the(i; j)th and the
(i� 1; j � 1)th elements ofRRR�1n (p), cannot, however, be extended
to periodic Toeplitz matrices, as the persymmetry condition is not
satisfied by such matrices. As an alternative to this approach, we
considerUUUDDDLLL the factorization ofRRRn(p) first. Defining

LLLn(p) =

1 0 0 � � � 0
an; p(1) 1 0 � � � 0

� � � � � � �

� � � � � � �

� � � � � � �

an; p(p) an�1; p�1(p� 1) � � � � 1

~UUUn(p) =

1 ~anp(1) � � � ~an; p(p)
0 1 � � � ~an�1; p�1(p� 1)
� � � � � �

� � � � � �

� � � � � �

0 0 � � � 1

(6)

we can write, as shown in the Appendix,RRRn(p) = (~UUUn(p))
�1

DDDn(p) (LLLn(p))
�1; where DDDn(p) is a diagonal matrix with

(DDDn(p))i; i = �n�i+1; p�i+1; i = 1; 2; � � � ; p + 1: Equiva-
lently, RRR�1n (p) = LLLn(p)DDD

�1
n (p)~UUUn(p): Once again, partitioning

~UUUn(p);LLLn(p) andDDDn(p) blockwise,RRR�1n (p) can be written as

RRR
�1

n (p) =
1 01�p

aaan; p LLLn�1(p� 1)

��1n; p 01�p

0p�1 DDD
�1

n�1(p� 1)

�
1 ~atn; p

0p�1
~UUUn�1(p� 1)

: (7)

Carrying out the matrix products

RRR
�1

n (p) =
��1n; p ��1n; p~aaa

t
n; p

��1n; paaan; p RRR�1n�1(p� 1) + ��1n; paaan; p~aaa
t
n; p

: (8)

Changingn to n + 1 in (8), we get[RRR�1n+1(p)]i+1; j+1 = [RRR�1n (p�

1)]i; j+�
�1

n+1; pan+1; p(i)~an+1; p(j); p � i; j � 1: On the other hand,
from (5), we have[RRR�1n (p)]i; j = [RRR�1n (p� 1)]i; j + ��1n; pbn;p(p�

i + 1)~bn;p(p � j + 1); p � i; j � 1: Eliminating [RRR�1n (p � 1)]i; j ,

1A matrix RRR is persymmetric ifJJJRRRJJJ = RRRt, whereJJJ is the exchange
matrix.

TABLE I
A SEQUENTIAL ALGORITHM FOR COMPUTING

RRR�1n (p); n 2 S = f0; 1; � � � ; d � 1g: THE

SYMBOL ‘	’ DENOTES MODULO d SUBTRACTION

one then obtains

[RRR�1n+1(p)]i+1; j+1

= [RRR�1n (p)]i; j + �
�1

n+1; pan+1; p(i)~an+1; p(j)

� �
�1

n; pbn; p(p� i+ 1)~bn;p(p� j + 1)

p � i; j � 1: (9)

In addition, from (8), we have [RRR�1n+1(p)]1;1 = �
�1

n+1; p,
[RRR�1n+1(p)]1; j+1 = ��1n+1; p~an+1; p(j), and [RRR�1n+1(p)]i+1;1 =

�
�1

n+1; pan+1; p(i), p � i; j � 1:
Equation (9) reveals the process by which the diagonals and

subdiagonals ofRRR�1n+1(p) are formed from the respective diagonals
and subdiagonals ofRRR�1n (p) and can be recognized as the periodic
Toeplitz generalization of Trench’s inversion formula [5]. Since
the underlying process is periodically stationary, it is sufficient to
considerRRR�1n (p) for n = 0; 1; � � � ; d � 1:

A sequential algorithm to computeRRR�1n (p) based on (9) is listed
in Table I. The algorithm constructsRRR�1n (p) by forming the rows
iteratively. Alternatively, one can also iterate over the columns and
thus constructRRR�1n (p):

B. Parallel Implementation

A parallel implementation of the algorithm is possible by engaging
a set ofd processors and assigning the task of computingRRR�1n (p) to
thenth processorn 2 S = f0; 1; � � � ; d� 1g: In Table I, this would
imply that i) the “begin–end” statement forn = 0; 1; � � � ; d � 1
be replaced with a “do par-end par” statement, and ii) in theith
iterative step,i = 1; 2; � � � ; p; [RRR�1n (p)]i; j ; j = 1; 2; � � � ; p be
transmitted from thenth processor to the(n + 1)th processor for
n = 0; 1; � � � ; d � 2 and from the(d� 1)th processor to the zeroth
processor forn = d�1: The communication amongst the processors
is circular and thus local, making the procedure suitable for VLSI
implementation.

The algorithm requires a total of2p2+4p multiplications and2p2

additions per processor. If the columns (rows) are also evaluated
parallelly, then a furtherp-fold increase in speedup is possible,
leading to a so-called superfast algorithm, with multiplication and
addition counts reducing to2p+ 4 and2p, respectively.
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C. Closed-Form Expression

A closed-form expression forRRR�1n (p) can be worked out using
(9). Defining for eachn

a) [RRR�1n (p)]i; j = 0 wheneveri = 0; j = 0; or i = j = 0;
b) an; p(0) = ~an; p(0) = 1;
c) bn; p(p + 1) = ~bn; p(p + 1) = 0;

we can write

[RRR�1n+1(p)]i+1; j+1 = [RRR�1n (p)]i; j + Tn+1(i; j); 0 � i; j � p

(10)

where

Tn+1(i; j) =�
�1
n+1; pan+1; p(i)~an+1; p(j)

� �
�1
n; pbn; p(p� i+ 1)~bn;p(p� j + 1): (11)

Carrying out the iteration in (10) further untili or j or both become
zero, one gets

[RRR�1n+1(p)]i+1; j+1 =

min(i; j)

l=0

Tn+1�l(i� 1; j � l): (12)

In matrix form, (12) leads to

RRR
�1
n+1(p) =LLL1n+1(p)DDD1n+1(p)UUU~1n+1(p)

�UUU1n(p)
t
DDD1n(p)LLL~1n(p)

t (13)

where

LLL1n+1(p) =

1 0 0 � � � 0
an+1; p(1) 1 0 � � � 0
an+1; p(2) an; p(1) � � � � 0

� � � � � � �

� � � � � � �

an+1; p(p) an; p(p� 1) � � � � 1

UUU~1n+1(p) =

1 ~an+1; p(1) ~an+1; p(2) � � � ~an+1; p(p)
0 1 ~an; p(1) � � � ~an; p(p� 1)
� � � � � � �

� � � � � � �

0 0 0 � � � 1

:

DDD1n(p) andDDD1n(p) are two diagonal matrices with[DDD1n(p)]i; i =
��1n�i+1; p and [DDD1n(p)]i; i = ��1n�i+1; p; 1 � i � p+ 1; and

LLL~1n(p) =

0 0 0 � � � 0
~bn;p(p) 0 0 � � � 0

~bn;p(p� 1) ~bn�1; p(p) 0 � � � 0
� � � � � � �

� � � � � � �
~bn; p(1) ~bn�1; p(2) � � � � 0

UUU1n(p) =

0 bn;p(p) bn;p(p� 1) � � � bn; p(1)
0 0 bn�1; p(p) � � � bn�1; p(2)
� � � � � � �

� � � � � � �

� � � � � � �

0 0 0 � � � 0

:

It is interesting to note that the matricesLLL1n+1; p; UUU~1n+1; p; LLL~1n(p);
andUUU1n(p) also constitute periodic Toeplitz matrices with periodd:

Equation (13) gives a closed-form expression forRRR�1n (p) and
can be recognized as the periodic Toeplitz extension of the Go-
hberg–Semencul formula [6] for Toeplitz matrices.

IV. DISCUSSION AND CONCLUSION

An explicit inversion formula for a set of periodic Toeplitz matrices
has been derived, and an efficient algorithm to implement the formula
has been presented. The algorithm may be viewed as a non-Hermitian
generalization of [7]. Further, ford = 1, i.e., for the Toeplitz case,
the proposed recursions boil down to those of Trench and Zohar [8].
To see this, first observe that ford = 1; RRRn(p) � RRRn+1(p) for
all n, implying that the variables used in (9) are independent ofn:

For convenience, we then take out the indexn from these variables.
Second, for the Toeplitz case,~aaap = b̂bbp and~bbbp = âaap, whereâaap andb̂bbp
are the reversed versions ofaaap andbbbp, respectively, i.e.,̂aaap = JJJaaap

and b̂bbp = JJJbbbp, JJJ being the exchange matrix. This is easily seen by
noting thatRRR(p) andRRRt(p) can be written as

RRR(p) =
RRR(p� 1) xxx

yyyt
=

x̂xxt

ŷyyt RRR(p� 1)

RRR
t(p) =

RRRt(p� 1) yyy

xxxt
=

ŷyyt

x̂xx RRRt(p� 1)

where x̂xx = JJJxxx and ŷyy = JJJyyy: Noting thataaap = �RRR�1(p � 1)ŷyy,
~bbbp = �[RRRt(p � 1)]�1yyy, and the matrixRRR(p � 1) is persymmetric,
i.e.,RRRt(p� 1) = JJJRRR(p� 1)JJJ, it is easy to verify that~bbbp = âaap: In a
similar manner, it can be checked that~aaap = b̂bbp: In other words, one
can directly obtain~aaap and~bbbp from bbbp andaaap respectively, simply by
reversing the order of the elements. This is, however, not possible
when the matrix is periodically Toeplitz, and one has to actually solve
the MYW equations forRRRt

n(p) to obtain~aaan; p and~bbbn;p:
This correspondence also gives a Gohberg–Semencul-type

closed-form expression forRRR�1n (p): For Toeplitz matrices, the
Gohberg–Semencul expression is computationally equivalent to
Trench’s inversion formula. This is because the triangular matrices
appearing in the former, in this case, are Toeplitz matrices, whose
products can be computed efficiently via FFT [9]. It is, however,
not clear at this stage and thus remains to be investigated whether
similar fast multiplication is feasible when the triangular factors are
given to be periodic Toeplitz.

APPENDIX

UUUDDDLLL AND LLLDDDUUU FACTORIZATIONS OF RRRn(p)

For the Hermitian case, i.e., whenRRRn(p) = E[yyyn(p)yyy
t
n(p)],

the UUUDDDLLL and LLLDDDUUU factorizations ofRRRn(p) are straightforward
and follow the standard procedure of orthogonalization of the set
fy(n); y(n � 1); � � � ; y(n � p)g, either by premultiplyingyyyn(p)
with a lower triangular matrix to generate a vector of backward
prediction errors for the indexn and order varying from 0 top or
by premultiplyingyyyn(p) with an upper triangular matrix to obtain a
vector of forward prediction errors for the indicesn; n�1; � � � ; n�p

with ordersp; p�1; � � � ; 0, respectively. For the non-Hermitian case,
i.e., for RRRn(p) = E[yyyn�q(p)yyy

t
n(p)] with q 6= 0, this approach,

however, does not result in the desired factorizations since in this
case, the prediction errors obtained by orthogonalizing the two
setsfy(n); y(n � 1); � � � ; y(n � p)g; and fy(n � q); y(n � q �

1); � � � ; y(n � q � p)g are not mutually orthogonal. We show here
how the factorizations of a non-HermitianRRRn(p) can be carried out
by generalizing the concept of forward and backward predictions.

Consider the problem of finding out the coefficients
an�j; p�j(1); � � � ; an�j; p�j(p � j) so that en; j = y(n �

j) + an�j; p�j(1)y(n� j � 1) + � � �+ an�j; p�j(p� j)y(n� p) is
orthogonal toy(n� q� j � 1); y(n� q� j � 2); � � � ; y(n� q� p)
for 0 � j � p � 1: Defining �n�j; p�j = E[y(n � q � j)en;j ],
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one can then write

E yyyn�q�j(p� j)yyytn�j(p� j)
1

aaan�j; p�j
=

�n�j; p�j

ooo(p�j)�1

(A.1)

whereaaan�j; p�j = [an�j; p�j(1); an�j; p�j(2); � � � ; an�j; p�j(p �
j)]t: Equation (A.1) can be identified as the MYW equation
(2a) for the matrixRRRn�j(p � j): Assumption of nonsingularity
of RRRn�j(p � j) guarantees unique choice of the coefficients
an�j; p�j(1); � � � ; an�j; p�j(p � j): Similarly, consider the set of
coefficients~an�i; p�i(1); � � � ; ~an�i; p�i(p� i) so that~en; i = y(n�
q�i)+~an�i; p�i(1)y(n�q�i�1)+� � �+~an�i; p�i(p�i)y(n�q�p)
is orthogonal toy(n � i � 1); y(n � i � 2); � � � ; y(n � p) for
0 � i � p � 1: Defining ~�n�i; p�i = E[y(n � i)~en; i], one can
then write

E yyyn�i(p� i)yyytn�q�i(p� i)
1

~aaan�i; p�i
=

~�n�i; p�i

ooo(p�i)�1

(A.2)

where ~aaan�i; p�i = [~an�i; p�i(1); ~an�i; p�i(2); � � � ; ~an�i; p�i(p �
i)]t: Equation (A.2) can be recognized as the MYW equation (2a) for
the matrixRRRt

n�i(p�i): It is easy to see thatE[~en; ien; j ] = 0 for i 6=
j; since fori> j, en; j is orthogonal toy(n�q�i); � � � ; y(n�q�p)
and for i < j, ~en; i is orthogonal toy(n � j); � � � ; y(n � p): For
i = j, E[~en; ien; i] = E[y(n � q � i)en; i] = E[~en; iy(n � i)],
implying that E[en; i~en; i] = �n�i; p�i = ~�n�i; p�i: Using this,
constructing the matrices~UUUn(p) and LLLn(p) as given by (6), and
definingen;p = y(n� p); ~en;p = y(n� q � p); we can then write

[ ~UUUn(p)RRRn(p)LLLn(p)]i; j

= E[ ~UUUn(p)yyyn�q(p)yyy
t
n(p)LLLn(p)]i; j

= E[~en; ien; j ] = �n�i; p�i�(i� j)

where�(l) is the unit sample function. Thus,~UUUn(p)RRRn(p)LLLn(p) =
DDDn(p), or RRRn(p) = (~UUUn(p))

�1DDDn(p)(LLLn(p))
�1, which gives the

factorization ofRRRn(p):
For LLLDDDUUU factorization, we consider the coefficientsbn; j(1);

� � � ; bn; j(j); so thatfn; j = bn; j(j)y(n) + � � � + bn; j(1)y(n� j +
1) + y(n � j) is orthogonal toy(n � q � r), 0 � r � j � 1 for
1 � j � p: In other words

E yyyn�q(j)yyy
t
n(j)

bbbn; j

1
=

oooj�1

�n; j
(A.3)

where bbbn; j = [bn; j(j); bn; j(j � 1); � � � ; bn; j(1)]
t, and �n; j =

E[fn; jy(n�q�j)]: Equation (A.3) is clearly the MYW equation (2b)
for the matrixRRRn(j): Similarly, let~bn; i(1); � � � ;~bn; i(i) denote a set
of coefficients for which~fn; i = ~bn; i(i)y(n�q)+� � �+~bn; i(1)y(n�
q � i+ 1) + y(n� q � i) is orthogonal toy(n� r), 0 � r � i� 1
for 1 � i � p: Defining ~�n; j = E[ ~fn; jy(n� j)], we can then write

E yyyn(j)yyy
t
n�q(j)

~bbbn; j
1

=
oooj�1

~�n; j
(A.4)

where~bbbn; j = [~bn; j(j);~bn; j(j � 1); � � � ;~bn; j(1)]
t: Equation (A.4)

gives the MYW equation (2b) forRRRt
n(j): Using the stated or-

thogonality conditions forfn; j and ~fn; i, it is easy to verify that
E[ ~fn; ifn; j ] = 0 for i 6= j: For i = j, E[ ~fn; ifn; i] = E[y(n� q �

i)fn; i] = E[ ~fn; iy(n�i)], meaning thatE[fn; i ~fn; i] = �n; i = ~�n; i:
Constructing the matricesUUUn(p) and ~LLLn(p) as defined in (3) and
definingfn; o = y(n), ~fn; 0 = y(n � q), it then follows that

[~LLLn(p)RRRn(p)UUUn(p)]i; j

= E[~LLLn(p)yyyn�q(p)yyy
t
n(p)UUUn(p)]i; j

= E[ ~fn; ifn; j ] = �n; i�(i� j)

implying that ~LLLn(p)RRRn(p)UUUn(p) = DDDn(p), or RRRn(p) =
(~LLLn(p))

�1DDDn(p) (UUUn(p))
�1, which gives theLLLDDDUUU factorization

of RRRn(p):
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